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Abstract

For a programming language, there are two kinds of term rewriting: run-time
rewriting (“evaluation”) and compile-time rewriting (“refinement”). Whereas
refinement resembles general term rewriting, evaluation is commonly constrained
by Felleisen’s evaluation contexts. While evaluation specifies a programming
language, refinement models optimisation and should be validated with respect
to evaluation. Such validation can be given by Sands’ notion of contextual im-
provement. We formulate evaluation in a term-rewriting-theoretic manner for
the first time, and introduce Term Evaluation and Refinement Systems (TERS).
We then identify sufficient conditions for contextual improvement, and provide
critical pair analysis for local coherence that is the key sufficient condition.
We demonstrate our methodology of proving contextual improvement through
examination of various calculi and functional programs, including a computa-
tional lambda-calculus, its extension with effect handlers, and the call-by-need
lambda-calculus.
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1. Introduction

Term rewriting is a general model of computation. The ecosystem of a func-
tional programming language utilizes two types of term rewriting: run-time
rewriting, which we shall refer to as evaluation, and compile-time rewriting,
referred to as refinement. Run-time evaluation specifies operational semantics
of the language. It can only happen in a particular order, usually deterministi-
cally. On the other hand, compile-time refinement models optimisation. It can
happen anywhere, nondeterministically. The difference between evaluation and
refinement, as kinds of term rewriting, can be summarized in terms of contezts:

(l—r)e& E¢€Ect (l=r)eR Ce(Clx
E[l0] —¢ E[rf) Cllf) = C[ro)

Evaluation —¢ uses a rewrite rule [ — r inside a Felleisen’s evaluation context
[1,2] E € Ectz only; this is a new kind of restriction from the rewriting theoretic
point of view. In contrast, refinement =% uses a rewrite rule [ = r inside an
arbitrary context C' € Ctz; this resembles general term rewriting.

We analyse the roles of term rewriting in programming languages in this
manner and divide them into evaluation and refinement for formalisation. This
constitutes a novel theory that is more suitable as a semantics of programming
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languages. Evaluation specifies (the behavior of) a programming language as
operational semantics. Evaluation is not merely a deterministic restriction of
refinement. Refinement which models optimisation should be wvalidated with
respect to evaluation. Indeed, compiler optimisation is intended to preserve
evaluation results and improve time efficiency of evaluation. Such preservation
and improvement deserve formal validation.

Such validation can be provided as observational equivalence [3], and its
quantitative variant, contertual improvement [4]. Observational equivalence
t = u asserts that two terms t and u cannot be distinguished by any context C'
formally, if C[t] terminates, Clu] terminates with the same evaluation result, and
vice versa. Contextual improvement additionally asserts that C[u] terminates
with no more evaluation steps than C[t]. This is a suitable notion to validate
refinement which models optimisation.

Whereas the theory of refinement, which resembles general term rewriting,
has been deeply developed, evaluation seems to be a new kind of restricted
rewriting and it lacks a general theory from the perspective of term rewriting.
This prevents useful ideas and techniques of term rewriting from transferring
from refinement to evaluation. In recent work [5] on a proof methodology of
observational equivalence, it is informally observed that a rewriting technique
can be useful for proving observational equivalence and contextual improvement.
This methodology informally employs critical pair analysis, a fundamental tech-
nique in rewriting theory. The idea is that ¢ = u holds if replacing ¢t with u
(which means applying a refinement rule ¢ = ) in any program does not conflict
with any evaluation rule [ — r.

1.1. Overview

First we provide an overview of the new frameworks of Term FEwvaluation
Systems (TES) and Term Evaluation and Refinement Systems (TERS) we for-
mulate in this paper, using examples to illustrate their structure. We also
demonstrate our main result: a method for deriving contextual improvement
through local coherence.

The standard left-to-right call-by-value lambda-calculus is a TES. Terms ¢, t’
including values v are defined as below, and the call-by-value evaluation strategy
is specified using evaluation contexts E and one evaluation rule —:

viu=Azt, Lt u=x|o|tt, E:=0]FEt|vE, M\zt)v—tv/z].

Values v appearing in this specification play a significant role. The definition
of evaluation contexts notably includes the clause v F where the left subterm
v is restricted to values. This ensures the left-to-right evaluation of application
t t’; the right subterm ¢’ can be evaluated only after the left subterm ¢ has been
evaluated to a value. Additionally, the redex (Ax.t) v restricts the right subterm
v to values. This ensures the call-by-value evaluation of application.

A simplified computational lambda-calculus A, [6] is a TERS. Its terms
are either values v, v’ or computations p, p’, and its evaluation (which has been
studied [7]) is specified using evaluation contexts E and two evaluation rules —-:

v, v n=x | Az.p, p,p i=return(v) | let z=pinyp | v,
E:=0] letz=F in p, (Ax.p) v — plv/z], let © = return(v) in p — plv/z].
We can observe that evaluation contexts constrain where evaluation rules can be

applied, namely in the subterm p of let x = p in p’. Again, values in evaluation
rules assure the call-by-value evaluation of application and let-binding.
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Figure 1: Joinability for confluence, commutation and local coherence

Originally, the calculus A« is specified by equations rather than evaluation.
Directed equations can be seen as the following five refinement rules =:

(Az.p) v = plv/x], let z = return(v) in p = plv/z],
A T = v, let x = p in return(x) = p,

let 1 = (let 22 = p2 in p1) in p3 = let x5 = py in let x1 = pp in ps.

While the first two rules represent (-conversion, the third one represents 7-
conversion. The fourth one removes the trivial let-binding, and the last one
flattens let-bindings. We can observe that the last three rules simplify terms.

We now have a TERS of A, which has both evaluation and refinement.
We are now interested in whether refinement is valid with respect to evaluation.
Our goal here is namely to prove contextual improvement: that is, for any
refinement t =% u and any context C' € Cfz, if evaluation of C[t] terminates,
then evaluation of Cfu] terminates with no more evaluation steps.

To prove contextual improvement, we would need to analyse how each eval-
uation step interferes with the refinement ¢ =% w. This amounts to analyse
how each evaluation rule [ — r can conflict with each refinement rule I’ = r'.
This is what exactly critical pair analysis is targeted at.

Critical pair analysis is usually for proving confluence, which is a funda-
mental property of term rewriting. It firstly enumerates the situation where
two rewrite rules conflict with each other. It then checks if the two conflicting
rewritings can be joined. This is illustrated in Fig. 1 (left), where the join-
ing part is depicted in dashed arrows, and ‘*’ means an arbitrary number of
rewriting.

In our development, we exploit critical pair analysis for proving contextual
improvement, and more specifically for proving local coherence. The analysis
is targeted at conflicts between evaluation — and refinement =. We analyse if
these conflicts can be joined using evaluation and refinement; see Fig. 1 (right).
To ensure improvement, our notion of local coherence asserts that the joining
part satisfies the inequality 1+ k£ > n about the number of evaluation steps.

To prove the joinability for local coherence, we need to be careful with
evaluation contexts. We need to show that the 1+ n evaluation steps E[l0] —¢

E[r6)] Ko u can be simulated by the n evaluation steps s —¢ s’. Naively, this
can be done by showing that the evaluation rule I — 7 can also be applied to
the term s. This, however, involves making sure that the rule [ — r can be
applied inside an evaluation context. This is not a trivial issue; the evaluation
context E might be modified by the refinement E[t] =% s. This modification
should be “mild”, and more precisely, refinement should not turn an evaluation
context into a non-evaluation context (see Def. 2.15 ((ii))).

Note that local coherence can be seen as a generalisation of commutation [8];
see Fig. 1 (middle). Commutation is the case where k = 0, n = 1, and allowing
only one step of refinement =5 instead of =x.



1.2. Contributions

This paper aims at formalising this connection between observational equiv-
alence proofs and critical pair analysis.

The key concepts of our development are evaluation contexts, values and
local coherence. Evaluation contexts are treated axiomatically. Values specify
successful results of evaluation; not all normal forms of evaluation are deemed
successful. Such distinction of values has been studied in second-order rewrit-
ing [9]. Finally, local coherence is a notion from the rewriting literature; it is
namely a sufficient condition for confluence in equational rewriting [10, 11]. We
exploit the notion for TERS instead of equational rewriting. Note that TERS
is not equational rewriting. Refinement is compile-time rewriting, and we do
not evaluate modulo refinement.

This paper is the fully reworked and extended version of the conference
paper [12]. The paper additionally includes new examples related to functional
programming, detailed proofs, and comparison with existing rewriting strategies
(Sec. 5).

More precisely, the contributions of this paper are summarized as follows.

1. We introduce a novel frameworks of term evaluation systems (TES), and its
combination with refinement, dubbed term evaluation and refinement sys-
tems (TERS), in both first-order and second-order settings.

2. We identify sufficient conditions for contextual improvement that include a
notion of local coherence.

3. We establish critical pair analysis for local coherence.

4. We demonstrate TERS with examples including a computational lambda-
calculus and its extension with effect handlers.

1.8. Organisation

We first develop the theory of the first-order TERS in §2. This serves as
the most direct system to illustrate our ideas and proof techniques for TERSs.
As it is a simple system that can be regarded as a variant of Term Rewriting
System (TRS) without higher-order functions, it should be accessible to many
readers, particularly those familiar with first-order TRS.

Next, we develop the theory of the second-order TERS in §3. This extends
the first-order TERS in two directions. The first is an extension to second-
order syntax, incorporating variable binding and substitution into the syntax.
The second is an extension to simple types, which was not done in the confer-
ence version [12]. As a result, the framework of TERS can faithfully represent
both fundamental calculi and the operational semantics of typed higher-order
functional programming languages.

The following two sections extend the conference version [12]. In §4 we
provide a new example: the call-by-need lambda-calculus. In §5 we compare
TE(R)S with known frameworks for specifying rewriting strategies. We namely
discuss the innermost strategy, and Lucas’ context-sensitive rewriting [13].

We conclude this paper with discussion on related work (§6) and future work

(87).

2. First-order term evaluation and refinement systems

2.1. Preliminaries
Let N be the set of natural numbers. For any n € N, let [n] denote the set
{1,...,n} (mind the starting point); for example, [0] = &, [1] = {1}, [2] = {1,2}.



We write A for a sequence Ay, ..., A,, and |A] for its length (i.e. n). The empty
sequence is denoted by ¢.

Given a binary relation — on a set S, let = denote the reflexive and transi-
tive closure of —. For any k € N, % denotes the k-fold composition of —. An
element x € S is a normal form (with respect to —), if there exists no element
z’ € S such that + — z’. Let NF(—) denote the set of normal forms with
respect to —.

2.2. FEvaluation and refinement

Let ¥ be a signature. Each element f € ¥ comes with an arity n € N; we
write f: n. (First-order) terms are defined by the grammar t = x | f(t1,...,tn)
where z is a variable and f : n. Let Ty be the set of terms. A term is closed
if it has no occurrence of variables. A term is linear if no variable occurs more
than once.

A position of a term is given by a (possibly empty) sequence of positive
numbers, in the usual manner. Concatenation of sequences p, g is denoted by
pq or p.q. Let Pos(t) be the set of all positions in a term t. We write s[t], for
the term that is obtained by replacing the sub-term of s at the position p with
t. We write s|, for the sub-term of s at the position p.

A substitution 6 is given by a sequence {z1 — t1,...,xp — tr} where
Z1,...,T, are distinct variables. We write subst§ when 6 is a substitution.
Let ¢ denote the term where all occurrences of x1,...,x in t are replaced by
t1,...,tk, respectively. We call t0 an instance of t.

A context is a term that involves exactly one hole 0. Let Ctz be the set of
contexts. Let C'[t] denote the term where the hole O of C' € Ctz is replaced by
t. A set C of contexts is closed under substitutions if C € C implies C8 € C for
any subst @, and closed under composition if C,C" € C implies C[C'] € C. The
set C is inductive if any C € C is O or of the form f(¢1,...,ti—1,C  tit1,...,tn)
such that C" € C and f(t10,...,t,-160,0,t;,410,...,t,0) € C for any subst6.

Term evaluation systems (TES) can now be defined, as the standard term
rewriting with the new restriction imposed by means of evaluation contexts.

Definition 2.1 (TES) A term evaluation system is a tuple (3, &, Ectx, Val)
consisting of

a signature X,
a set & of evaluation rules, where (I — r) € € with [, € Ty, such that

(i) 1 is not a variable, and
(ii) every free variable occurring in r also occurs in [,

a set Fctrx C Ctr of evaluation contexts that is closed under substitutions,
closed under composition and inductive, and

a set Val C NF(—¢) of values that satisfies (i) v € Val implies v8 € Val for
any subst 6, and (ii) it comes with an equivalence relation =y, C Val x Val,
where:

the evaluation relation —¢ C Ty x Ty is defined as follows:

substd ({—r)e& E € Ect
E[l0] —¢ Er6)

Values specify which normal forms of —¢ are regarded as successful results.
For example, in a TES for arithmetics, a term x+y is a normal form but it is not
deemed a successful result. The equivalence relation =y, specifies observations



of these results in terms of equivalence classes. For example, when the syntactic
equality = is used, each value v € Val becomes a distinct observation. On the
other hand, when the total relation T is used, values are all identified; this
means that successful termination is the only possible observation.

The evaluation relation —¢ is closed under evaluation contexts in Ectx. It
is also closed under substitutions, thanks to Ectz being inductive.

Each TES can be equipped with refinement, which resembles general, unre-
stricted, term rewriting.

Definition 2.2 (TERS) A term evaluation and refinement system is a tuple
(%,E&, R, Ectx, Val) consisting of

e a TES (%, €, Ectz, Val), and
o a set R of refinement rules where (I = r) € R with [, € Ty such that

(i) 1 is not a variable, and
(ii) every free variable occurring in r also occurs in [.

The refinement relation = C Ty x Ty is defined as follows:

substd (I=r)eR Ce Clx
Cli0] =r C[r6)

We often simply write a TES (€, Val) and a TERS (€, R, Val). The re-
finement relation =% is closed under substitutions, and closed under arbitrary
contexts in Ctx.

Example 2.3 (List append) We define a TERS Append as follows.

Signature ¥ 1:0, (5): 2, (+H):2
Values Val V=]
with =y, defined by

Vi=va V] Vo=yy Vy

[l =va [] Vi:Vo=yu V{:Vj
Evaluation contexts FEctx E:=0|E+Ht|E:t|V:E
Evaluation rules & Refinement rules R
[]+Hys —ys (xsHys) +H zs = xs +H(ys +H zs)

(x:xs)Hys — x: (xs+ys) xs+H[] = xs

This defines a well-known append function on strict lists with associativity as
a refinement rule. Equations that naturally hold for lists can be considered as
candidates for refinement rules.

2.8. Joinability and improvement

Evaluation is constrained by means of evaluation contexts, usually to have
the evaluation relation —¢ deterministic. Bridging the gap between evaluation
and refinement, we are interested in joinability up to R defined as follows. The
joinability is quantitative with an extra constraint on the number of evaluation
steps.

Definition 2.4 (Peaks, joinability)

e An E-peak is given by a triple (s1,t,s2) such that ¢ —¢ s1 and t —¢ sa.
o An (R, E&)-peak is given by a triple (s1,t,s2) such that ¢t =% s1 and t —¢ so.
e An E-peak (s1,t, s2) is trivial if s1 = so holds.



e An (R, E)-peak (s1,t,s2) is joinable up to R if there exist k,n € N and uy, us

k
such that s; —=¢ uq, $o S ug, 1 + k > n and us 2R UL

Definition 2.5 (Rewriting properties)

e A set &£ of evaluation rules is deterministic if every E-peak is trivial.
e A TERS (&, R, Val) is locally coherent if every (R,E)-peak is joinable up to
R.

We also simply say an (R, £)-peak is joinable, omitting “up to R.”

We formalize the key concept that relates evaluation with refinement in
TERS. It is called (contextual) improvement [4]: that is, any refinement
t =g s cannot be distinguished by evaluation —¢ inside any contexts, and the
refinement cannot increase the number of evaluation steps that are needed for
termination. Observation is made according to the set Val of values and its
associated equivalence relation =y;.

Definition 2.6 (Value-invariance, improvement)

e A TERS (&,R, Val) is value-invariant if, for any v € Val and s € Ty,
v=xr s implies v =yy s € Val.

e For a TERS (&,R, Val), R is improvement w.r.t. & if, for any k € N,
v € Val, t =g s and any C € Ctz such that C[t], C[s] are closed terms,

Clt] Bev implies C[s] B¢ v/
for some m € N and v' € Val such that v =y, v' and k > m.

Directly proving improvement is challenging due to the universal quantifi-
cation over all contexts. Our first main theorem addresses this challenge by
providing a sufficient condition for improvement in TERSs, based on rewriting
theory.

Theorem 2.7 (Sufficient condition for improvement: first-order version)
Let (§,R, Val) be a TERS. If £ is deterministic, and (€, R, Val) is value-
invariant and locally coherent, then the set R of refinement rules is improvement
w.r.t. the set £ of evaluation rules.

ProOF. Take arbitrary & € N and ¢,u € Ty such that t = w and ¢ ﬁ)g v E
Val. We first prove that ¢t = « and ¢ ﬁ)g v imply u B¢ v/, v =yu v’ and
k > m, for any k € N, by induction on k.

Base case.. When k = 0, we have t = v. Because the TERS (£, R) is value-
invariant, we have u € Val and v =y, u. We can take m = 0.

Inductive case.. When k > 0, there exists ¢ € Ty, such that t —¢ ¢/ k;>15 .
Because the TERS (€, R) is locally coherent, the (R, £)-peak (u, t,t’) is joinable
up to R; namely there exist ", 4’ € Ty and I,m,n € N such that ¢ L t
u e, t" B u' and 141> n. Because the TERS (€, R) is deterministic,

. k—1 1 k—1—1
must appear in the sequence ¢’ — ¢ v, and hence t —¢ ' =gt " = ¢ v. We



prove that we have the following situation:

t
ay
ny v

u/ \ — t//
n'y ilk—l—l
'U/ v

Val

namely that there exist n’ € N and v/ € Val such that v Z¢ v/ and v =y v/,
by induction on m € N.

e Base case. When m = 0, ¢/ = u/. We can take n’ =k —1—1 and v/ = v.
Because 1 +1 > n, we have k > n +n/.

, -1
e Inductive case. When m > 0, we have t” "= g u” = v’ for some u” € Ty.
By L.H. on m — 1, we have u” ¢ v” such that v/ =y vand k—1—1>n".

Furthermore, by L.H. of the outer induction on n”, we have v’ ¢ v/ such
that v =y, v' and n”” > n/. We finally have k > n +n'.

’
As a result, we have u nip ¢ v such that v =y v and kK > n+n'. We can

take m =n +n'.

Secondly, because = is closed under any contexts, t =% u implies C[t| =r
Clu] for any C € Ctz. Therefore, t =5 u and C|t] Kew imply C[u] B¢ v’ such
that k > m and v =y v/, for any v € Val. O

This theorem requires proving determinism, value-invariance and local co-
herence. To establish determinism, a well-known syntactic condition called or-
thogonality [14, Sec.4] is particularly useful. A set of rules is orthogonal if there
is no overlap between any two rules and the left-hand side of every rule is linear.
Every orthogonal TERS is confluent. When & is orthogonal, proving determin-
ism reduces to showing that each term can be uniquely decomposed into an
evaluation context and a redex. In typical TERS, the equivalence relation =y
on values can be decided by simply comparing head symbols, making it straight-
forward to verify value-invariance. Finally, we will show that local coherence
can be shown by critical pair analysis in Sec. 2.4.

Example 2.8 (Append, continued) The TERS Append’s set £ of evalua-
tion rules in Example 2.3 is orthogonal. The evaluation contexts are defined to
uniquely decompose a context and a redex. Therefore, it is deterministic. It is
obviously value-invariant because any cons-list (i.e. term generated by (:) and
[]) cannot be rewritten by R.

The following examples show another interesting aspect of refinement rules.



Example 2.9 (Ones) Let Ones be the TERS defined as follows.

Signature X (:): 2, nil,1,ones: 0, ns: 1
Values Val V=1Vt
with =y,; defined by
V=yuaV' tteTs
l=yul Vit=yug V' :t

Evaluation contexts Ectx E:=0|ns(E) | E:t
Evaluation rules £ Refinement rule R
ones — 1: ones ones = ns(1)

ns(n) — n:ns(n)

This defines lazy lists rather than the strict lists in Example 2.3. The refine-
ment ones = ns(1) appears to represent a denotational semantic equivalence
on infinite lists, i.e., the denotation of both sides is the infinite list of 1s [15].
We can take such rules as refinements and show that they indeed constitute
an improvement. This refinement rule and its intent are not an equivalence of
infinite lists, but rather a behavioral equivalence of ones and ns(1).

In this sense, the notion of improvement is broader than that of inductive
theorems [16], which is an equality on finite terms.

Example 2.10 (Divergence) Let Div be the TERS defined as follows.

Signature X Q:0,0:0
Values Val V=0
with =y, defined by
0=vu0
Evaluation contexts Ectz E =0
Evaluation rule & Refinement rule R
Q—Q Q=0

The refinement rule induces contextual improvement. This means that diver-
gence () inside any context can be turned into a value.

2.4. Critical pair analysis for local coherence
2.4.1. Critical pairs

The definition of critical pairs is standard; it resembles the definition of
critical pairs for commutation [8]. Note that critical pairs are generated by two
kinds of overlaps, due to asymmetry of (R, £)-peaks.

Definition 2.11 (Unifiers)

e A unifier between ¢t and u is a substitution € such that t0 = uf.

e A most general unifier between t and u is given by a unifier 6 between ¢ and
u such that, for any unifier o between ¢ and u, there exists a substitution ¢’
such that o = 6o”.

Definition 2.12 (Overlaps) Let &Xj, x> € {R,€}. Given rules (I3 —1 r1) €
X1, (Iy =9 o) € Xy and a substitution 6, a quadruple (I3 —1 71,12 —9 72, p, 0)
is an (X4, X2)-overlap if it satisfies the following.

e The rules [; —»1 1 and Iy —>5 79 do not have common variables.
e If p=¢, the rules [y —»1 1 and Iy —5 79 are not variants of each other.



e The sub-term /i |, is not a variable, where p is a position of [;.
e The substitution 6 is a most general unifier between [y |, and l5.

Definition 2.13 (Critical pairs)

e The critical pair generated by an (R,&)-overlap (I3 = r1,la — 72,p,0) is an
(R, 5)—peak (r10, 119, (110)[T20]p)

e The critical pair generated by an (€, R)-overlap (I3 — r1,la = r9,p,0) is an
(R, E)-peak ((116)[r26],,116,710).

Lemma 2.14 If a critical pair (¢1,s,t2) is joinable, then for any substitution
0, (16, s0,t20) is a joinable (R, £)-peak.

PROOF. We have a joinable (R, &)-peak (t1,s,t2). Since refinement and evalu-
ation are closed under substitution, (¢16, s, t20) is also a joinable (R, &)-peak.
O

2.4.2. Critical pair theorem
To obtain the so-called critical pair theorem, we need to impose extra con-
ditions on TERS that are summarized below.

Definition 2.15 (Well-behaved TERS) A TERS (%, &, R, Ectz, Val) is well-
behaved if it satisfies the following.

(i) For any Cy,C5 € Ctz, if C1[Cs] € Ectz then Cy,Cs € Ectz.
(ii) For any E € Ectx and C’ € Clz, if E =5 C’ then C’ € Ectz.
(iii) For any (I —¢ r) € £, [ is linear.
(iv) For any (I =g 1) € R,
(a) both [ and r are linear, and
(b) for any x € FV(l), if I{z — O} € Ectz then r{z — O} € Ectz.

The condition (i) is typically satisfied by inductively-defined evaluation con-
texts. The condition (ii) was already discussed in Sec. 1.1. The other conditions
are technical (see Remark 2.17 for some details), but these are straightforward
to verify.

Theorem 2.16 (Critical pair theorem) A well-behaved TERS is locally co-
herent if and only if every critical pair is joinable.

PrOOF. The “only if” part is straightforward. In the following, we prove the
“if” part.

Take an arbitrary (R, £)-peak (t1, s, t2). Our goal is to prove that this (R, &)-
peak is joinable. Since s =5 t1, there exist p € Pos(s), (I = r) € R and subst 0
such that s|, =16, t; = s[rf], and s[0], € Ctz. We prove that the (R, E)-peak
(t1,8,1t2) is joinable, by induction on the length of the position p.

Base case. When |p| = 0, i.e. p = &, we have s = 10 and t; = rf. Because

10 —g to, there exist p' € Pos(l), (I' — 1) € £ and substf’ such that

(10)|,y = U0, ta = (10)[r'0'], and (10)[0),, € Ectz. We have an (R, E)-peak

P = (r0,10,(10)[7'0'],).

o If p =¢,and | = r and | — r are variants of each other, we have rf = r'¢’
and the (R, £)-peak P is joinable.

e Otherwise, there are two possibilities.

10



— If p/ is a non-variable position of I, we have (I[,7)0 = (10)|,, = I'0’. Since
FV(I)NFV(I') = @, we can take § U 6" as a unifier between I|,; and
U". The (R,E&)-peak P is an instance of the critical pair generated by an
(R, E)-overlap.

— Otherwise, there exist sequences ¢i, g2 and a variable y such that: ¢; €
Pos(l), U4, =y, g2 € Pos(yd), and p’ = ¢q1¢2. Because of the condition ((i))
of Def. 2.15, (10)[0],y € Ectz implies {[0],,,y0[0]y, € Ectz. The variable
y must appear at most once in both [ and r, due to the condition ((iii)a)
of Def. 2.15. If y does not appear in r, the (R, &)-peak P is joinable by
applying the rule [ = r to t5. Otherwise, i.e. if y appears once in r, the rule
I — 7’ can be applied to t; thanks to the condition ((iii)b) of Def. 2.15,
and the rule | = r can be applied to to. These two applications yield the
same result. Therefore, we can conclude that the (R, £)-peak P is joinable.

Inductive case. When |p| > 0, we have p = ip; for some positive number i and
some sequence p;. We have s = f(ZT1.u1,..., iU, ..., Tk-Uk), 10 = u;lp,. We
have an (R, &)-peak

P = (f(@ru,...,Twirblp,, ... Truk), f@1ur, ..., T, ..., ), ta).

By s —¢ ty, there exist p’ € Pos(s), (I' — 7') € £ and substd such that
sl =10, ta = s[r'd'], and s[0)],y € Ectz. We proceed by case analysis on
P’ € Pos(s).

e When p/ = ¢, we have s = I'0' and t, = r'¢’.

— If p is a non-variable position of I', we have (I'[,)8' = (I'0")|, = 0. Since
FV(I)n FV(I') = @, we can take § U " as a unifier between ['[, and
[. The (R,E&)-peak P’ is an instance of the critical pair generated by an
(€, R)-overlap.

— Otherwise, there exist sequences ¢, g2 and a variable y such that: ¢; €
Pos(l'), U'lq, =y, g2 € Pos(yf'), and p = q1g2. The variable y appears at
most once in I, due to the condition ((iv)) of Def. 2.15. We can apply the
rule I’ — 7’ to t;. We can also apply the rule [ = r to to, as many times
as y appears in 7. These applications of I’ — 7/ and | = r yield the same
result. The (R, E)-peak P’ is therefore joinable.

e When p’ # ¢, i.e. p’ = i'p) for some positive number ¢’ and some sequence pj,
there are two possibilities.

— When ¢ =i, by L.H., we have a joinable (R, £)-peak
Q = (wi[r0]p,, ui, us[r'0'],,).

Because f(...,Z;.w;[0)p,,...) € Ectz, we have f(...,7;.0,...) € Ectz too,
thanks to the condition ((i)) of Def. 2.15. Therefore, joinability of the
(R, E)-peak @ implies joinability of the (R, £)-peak P’.

— When i’ # i, we can assume that ¢/ < i without loss of generality. The

(R, E)-peak
P =(f(....,Tiup, ..., Tiu[r0),,,...),
Flo o Ty, T, . ),
G T [0, T, )
is joinable (to f(...,Tiug[r'0],, ..., Tiugr6],,, .. .)), thanks to the con-

dition ((ii)) of Def. 2.15.
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Remark 2.17 (On linearity conditions) For a TERS to be well-behaved,
its evaluation rules must be left-linear, and its refinement rules must be linear
(see Def. 2.15). Here we observe that relaxing these linearity conditions, with
a reasonable set of evaluation contexts and values, leads to non-joinable (R, £)-
peaks that are not instances of a critical pair. Let a TERS & be defined as
follows.

Signature ¥ +:2, —: 2,
Values Val Vi=0]s(V)
with =y,; defined by
v =ya V'
0=var 0 s(v) =va s(v)

Evaluation contexts FEctz E:=0|s(E)|E+t|E-t|v—F

Evaluation rules £ Refinement rule R
O+zxz—==x r—x =10
s(z)+y—s(z+y) O=z—x
0—z—=0

s(z) —s(y) 2z —y

T % z—0

Firstly, the non-left-linear refinement rule x — x = 0 induces the following non-
joinable (R, £)-peak.
(s(z) +y) = (s(x) +y)
T
0= S +9)— (s(@) +)

In the term s(z + y) — (s(z) + y), the sub-term s(x) 4+ y cannot be evaluated,
because s(x + y) is not a value. Secondly, the non-right-linear refinement rule
0 = x — z induces the following non-joinable (R, £)-peak.

7\
0-0———0
This (R, £)-peak is not joinable with respect to our definition of joinability (see
Def. 2.4). The bottom term 0 — 0 must not take more evaluation steps than the
?
top term 0. Finally, the non-left-linear evaluation rule x = x — 0 induces the

following non-joinable (R, £)-peak.

?

(s(z) +y)

. — ~_

In the term s(z + y) = (s(x) + y), the sub-term s(x) + y cannot be evaluated,
because s(x + y) is not a value.

s(z+y) 0

Il
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2.4.3. Examples
Example 2.18 (Append, continued) The TERS Append in Example 2.3
has the following two joinable critical pairs.

(I +YS) +2S (X' : XS') +YS) +75
0 + (YS +25) YS -+ 25 (X':XS") +(YS +25) (X':(XS'+ YS))-+ ZS
YS +2S X:(XS' + (YS +ZS)) X:((XS' +YS) +ZS)

N 2

X':(XS" + (YS +Z5))

Because the TERS is well-behaved, it is locally coherent. By Thm. 2.7,
we conclude that the refinement rule expressing the associativity of append is
improvement w.r.t. its evaluation.

Example 2.19 (Ones, continued) The TERS Ones in Example 2.9 has the
following joinable critical pair.

The TERS is well-behaved, and hence it is locally coherent. Because it is de-
terministic and value-invariant, by Thm. 2.7, the refinement rule ones = ns(1)
is improvement.

Example 2.20 (Divergence, continued) The TERS Div in Example 2.10
has the following joinable critical pair.

0

\/

="
S~

The TERS is well-behaved, and hence it is locally coherent. Because it is de-

0

terministic and value-invariant, by Thm. 2.7, the refinement rule Q = 0 is
improvement.

3. Simply-typed second-order term evaluation and refinement sys-
tems

Next we extend our framework to the second-order case. By second-order
we mean to use second-order abstract syntax [17, 18], i.e. syntax with vari-
able binding and metavariables. It allows us to formally deal with higher-order
term languages as in second-order algebraic theories [19] and second-order com-
putation systems [20, 9]. The framework also involves simple-types with type
constructors.

3.1. Types

We assume that A is a set of atomic types (e.g. Bool, Nat, etc.). We also
assume a set of type constructors together with arities n € N, n > 1. A type
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signature is a set of atomic types and type constructors. The sets of molecular
types (mol types, for short) To and types T are generated by the following rules:

bl,...,bnE%
bec A T n-ary type constructor a1,...,0n,0 € To
beTo T(by,...,bn) €7To aty...,ap > beET

Remark 3.1 Molecular types work as “base types” in ordinary type theories.
But in our usage, we need “base types” which are constructed from “more basic”
types. Hence we first assume atomic types as the most atomic ones, and then
generate molecular types from them. Molecular types exactly correspond to
base types in [21, 22].

Example 3.2 Assume atomic types Bool and Nat, and a unary type construc-
tor List. Then the set Ty of all mol types is the least set satisfying

To = {Bool, Nat} U {List(a) | a € To}

Namely, given a mol type a, we have a mol type List(a).

3.2. Meta-terms

A signature ¥ is a set of function symbols of the form
fi@—=b),...,@mn = bn) > c

where all a;,b;, ¢ are mol types (thus any function symbol is of up to second-
order type).

Example 3.3 The simply-typed A-terms on the set Ty of simple types gen-
erated by a set BTy of base types are modeled in our setting as follows. Let
A = BTy. We suppose a type constructor Arr to encode arrow types. The set
of Typ of all simple types for the A-calculus is the least set satisfying

Ty = BTy U {Arr(a,b) | a,b € Ty}.
The A-terms are given by a signature

{ lamgp : (@ — b) — Arr(a,b)
2stl =

,beT
app,p :Arr(a,b),a —b la y}

The B-reduction law is presented as
(beta) M :a —b, N:a > Fapp,,(lam,;(z®. M[z]), N) = M[N]:b

We use the following notational convention throughout the paper. We will
present a signature by omitting mol type subscripts a, b (see also more detailed
account [9]). For example, simply writing function symbols lam and app, we
mean lam, ; and app,; in s having appropriate mol type subscripts a, b.

A metavariable is a variable declared as M : @ — b (written as capital
letters M, N, K,...). A variable of a molecular type is merely called variable
(written usually x,v, . . ., or sometimes written z* when it is of type b). The raw
syntax is given as follows.

- Terms have the form tuo=a |zt | f(tr,... tn).
- Meta-terms extend terms to t:=a | .t | f(t1,...,tn) | M[t1,..., tn]

The last form is called a meta-application, meaning that when we instantiate
M :@ — b with a term s, free variables of s (which are of types @) are replaced

14



(M :ay,...,am —b) €O

y:bel O Tk ¢t 1a; (1<i<m)
O Tk y :b O>TF M[ty,...,tm] :b
fi(@—b1), - ,(@mn > bn) >ceX

Ov Iz a bk t; :b; (1<i<m)
O>TF f(mll.tl,...ﬁ.tm) ic

Figure 2: Typing rules of meta-terms

with (meta-)terms tq,...,t¢,. We may write x1,...,2,.t for x1. -+ .x,.t, and
we assume ordinary a-equivalence for bound variables.

For a meta-term t, the set of its free variables is denoted by FV (¢), the set
of its bound variables is denoted by BV (¢), and the set of its free metavariables
is denoted by FM (t).

A metavariable context © is a sequence of (metavariable:type)-pairs, and a
context I' is a sequence of (variable:mol type)-pairs. A judgement is of the form

O I'F t :b

A meta-term ¢t is well-typed by the typing rules Fig. 2. Note that a raw meta-
term of the form x.t does not have a type. But we will use raw terms z.t in
various places, such as in substitution below.

Let X be the countably infinite set of variables. A sequence of types may be
empty in the above definition. The empty sequence is denoted by (), which may
be omitted, e.g., b1,...,b, — ¢, or () = c. The latter case is simply denoted
by c.

3.3. Contextual sets of meta-terms

In the proofs of this paper, we will use the structure of type and context-
indexed sets. A contertual set A is a family {A,(T) | b € T, context I'} of
sets indexed by types and variable contexts. Set operations such as U,&,N
are extended to contextual sets by index-wise constructions, such as A U B by
{Ap(T) U By(T') | b € T, context I'}. Throughout this paper, for a contextual
set A, we simply write a € A if there exist b, I’ such that a € A,(T"). The indices
are usually easily inferred from context. A map f: A — B between contextual
sets is given by indexed functions {f,(I") : Ay(I') — By(T") | b € T, context I'}.
Examples of contextual sets are the contextual set of meta-terms My, and of
terms Ty, defined by

Mg)py(D)2{t | Z>T Ft:b}, (Te)(D)2{t| T Ft:b}

for a given signature 3.

A term is closed if it has no occurrence of variables.

A position of a meta-term is given by a (possibly empty) sequence of positive
numbers. The set Pos(t) of all positions in a meta-term ¢ is inductively defined
as follows.

Pos(x) = {e}
Pos(x.t) ={e} U{l.p|p € Pos(t)}
Pos(f(t1,...,t)) ={etU{ip|ie[l],p € Pos(t;)}
Pos(Mlty, ..., tm]) ={ctU{ip|i€ [m],p € Pos(t;)}
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We write s[t], for the meta-term that is obtained by replacing the sub-term of
s at the position p with ¢. We write s|, for the sub-term of s at the position p.

We say that a position p in a meta-term ¢ is a metavariable position if t|, is
a meta-application, i.e., t|, = M[t1,...,t,]. This description includes the case
t|, = M where n = 0, for which we identify M[] with just a metavariable M.

A substitution 0 is given by a sequence [My — Z71.81,..., My — Tf.Sk)
such that: (i) My,..., M are distinct metavariables, and (ii) for some ©,T
and for each i € [k], (M;: |7;]) € Z and © > I',7; F s; hold. We call
My, ..., My the domain of 6 and write Dom(f). We call © > T' a support
of 0, and write substgrr @ when 6 is a substitution with a support © > T.
We sometimes simply write subst , omitting the support. Given a meta-term
©,M;: |[71|,..., My |Tk| > T F ¢, a meta-term ¢0 is defined by

z0 =z (f(@1t1,...,T0.4))0 = f(T1.640, ..., T7.4,0)

si{(zi)1 = 10, ..., (Ti)m =t} (3i € [k]. M = M;)

(M[t1,... tm])0 = {M[tle, oyt (otherwise)

The meta-term s;{(x;)1 — t10,...,(2;)m — t,,0} is the result of standard
(capture-avoiding) substitution for variables. We call 6 an instance of t.

Given two substitutions 6 = [M +— Z.s, K — Zz.t] and 03 = [N — G.u, K — Z.1]
such that the concatenation M, N, K is a sequence of distinct metavariables,
their composition 6105 is defined by 6102 = [M — Z.s05, K — Z.t03, N — g.u].
It satisfies (t01)02 = t(6162).

A renaming is given by a sequence p = [M — N] such that p is injective,
and M NN = @.

A meta-term is a higher-order pattern (pattern in short) if each occurrence
of meta-application must be of the form Mlxy,...,z,,], where x1,...,2,, are
distinct bound variables.

Definition 3.4 (Contexts) Suppose that for each type o, there exists a con-
stant (17 of type o called a hole. A (typed) context C is a well-typed meta-term
that involves exactly one hole. We denote by C : ¢ — 7 when the meta-term C'
of type 7 involves the hole (17 of type o.

Let C[t] denote the term where the hole 07 of a context C is replaced by a
meta-term ¢ of type 0. Note that, unlike substitution, the operation of filling in
the context hole may cause the capture of bound variables.

Hereafter, we omit the superscript ¢ in a hole when it is clear from context.
A context is flat if any prefix of the position of the hole is not a metavariable
position; e.g. f(z.0) is a flat context, but M[] and M|[f(«.00)] are not flat
contexts. Let Ctz be the set of all contexts.

A set C of contexts is closed under substitutions if C' € C implies C € C for
any subst @, and closed under composition if C,C" € C implies C[C'] € C. The
set C is inductive if any C € C is O or of the form f(¢1,...,ti—1,C  tiz1,. .., tn)
such that C" € C and f(t10,...,t,-10,0,t;410,...,t,0) € C for any subst6.

8.4. Syntaz classes

We introduce a notion of syntactic classification for terms, typically used
for distinguishing values and non-values, following [9]. In loc. cit., the call-by-
value lambda-calculus (dubbed Ayajue-calculus) involves the following two syntax
classes of values and non-values.

Values V = x| a.M Non-values P := M N
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This also specifies two special names V, P of metavariables that are used for
values and non-values.

Definition 3.5 (Syntax class) We define a set Sclass of names for syntax
classes. Each syntax class is associated with an inductively defined set of
well-typed meta-terms specified by a BNF grammar or inference rules (cf. Ex-
ample 4.1). Every metavariable is either associated with a syntax class and
called “(syntax class name) metavariable”, or not associated and called general
metavariable. We assume the following two default syntax classes:

e values associated with well-typed values, and
e general associated with the set of all well-typed meta-terms.

Therefore, any well-typed meta-term belongs to at least the general syntax class.

For example, in the case of Ayaue-calculus, we define
Sclass = { values V ::= z | \x. M, non-values P ::= M N }.

The metavariable V is a value metavariable, P is a non-value metavariable, and
M, N are general metavariables. Substitutions must also be consistent with
syntax classes.

Definition 3.6 A substitution 6 is valid if for each assignment (M — T.t) € 6,
the following holds:

e let S be the associated meta-term set of M’s syntax class, and
e T the associated meta-term set of t’s syntax class, and
e S D T holds.

We write valid  when 6 is a valid substitution.

For example, for given a general metavariable M and a value metavariable
V', a substitution 6 : M — V is valid, whereas 6 : V +— M is not valid because
the set of all values are included in the set of all meta-terms.

Composition of valid substitutions is again valid, under the assumption that
each syntax class is closed under substitution: that is, for each syntax class, if
a meta-term ¢ is included then t6 is also included, where 6 is a substitution.

3.5. Fwvaluation and refinement

Definition 3.7 For meta-terms © > + ¢ :7and © > F r :7,an evaluation
(resp. a refinement) rule is of the form

O F L—r T

satisfying:

1. ¢ is not a variable nor a metavariable.

2. ¢ is a higher-order pattern.

3. All metavariables in r appear in .
We usually omit the context and type and simply write £ — r for an evaluation
(resp. ¢ = r for a refinement) rule.

We assume that the lhs of every rule is a Miller’s higher-order pattern [23] to
make unification decidable, which is important for computing rewrite steps and
critical pairs. Second-order TES and TERS can now be defined, in an analogous
way to the first-order setting.
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Ov I,z b s 1o (1<i<k) valid [M — Z.s]
(My:(F1—=01)y... . M : (T = o) F L—=r 7)€

(RuleSub) —— ——
O>TF AUM—Ts])oer[M—7Ts] 7T

E:0— 7€ Ectx O Ik toet 0o
©>TF E[t] »¢Et] :7

(Ectx)

Figure 3: Typed second-order evaluation —¢ on meta-terms

Oov Dz mF s 10, 1<i<k) valid [M — T.s]
(My:(F1—=01)y.. .. My : (T 2 op)> F =71 :T)ER
O T FUM—ZTs|=rr[M—Ts] T

(RuleSub)

C:0—71€Clx O Ik t=xt 0
O>TF Clt]=rC[t] T

(Ctx)

Figure 4: Typed second-order refinement = on meta-terms

Definition 3.8 (Second-order TES) A second-order term evaluation system
is a tuple (Type, X, &, Ectx, Sclass) consisting of

e a type signature Type,

e a signature X,

e a set £ of evaluation rules,

e a set Ectr C Ctx of flat contexts, called evaluation contexts, that is closed
under substitutions, closed under composition and inductive, and

a set Sclass of syntax classes that satisfies

1. it includes a wvalue class associated with the set Val

2. Val C NF(—=¢)

3. v € Val implies v0 € Val for any valid 6

4. it comes with an equivalence relation =v,; C Val x Val.

The evaluation relation —¢ C My x My is defined in Fig. 3.
The evaluation relation —¢ is closed under evaluation contexts in Fctz. It is
closed under substitutions, thanks to Ectz being an inductive set of flat contexts.

Definition 3.9 (Second-order TERS) A second-order term evaluation and
refinement system is a tuple (Type, X, E, R, Ectx, Sclass) consisting of

e a second-order TES (Type, X, €, Ectz, Sclass), and

e a set R of refinement rules that satisfies the following.

e For any (I = r) € R and valid 6, if 16 belongs to a syntax class S then r6
belongs to S.

For any (I —¢ r) € R and valid 8, if [0 belongs to a syntax class S then 70
belongs to S.

The refinement relation =5 on well-typed meta-terms is defined in Fig.4.

The refinement relation =% is closed under arbitrary contexts in Ctz and
valid substitutions.

8.6. Joinability and improvement
The definitions of peaks, joinability (see Def. 2.4), rewriting properties (Def. 2.5),
and improvement (Def. 2.6) are inherited from the first-order case. Finally, the
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first main theorem (Thm. 2.7) also holds in the second-order setting:

Theorem 3.10 (Sufficient condition for improvement: second-order version)
If a second-order TERS (3, &, R, Ectz, Sclass) is deterministic, value-invariant
and locally coherent, then R is improvement w.r.t. £.

3.7. Examples

In the remainder of this section, we present a few examples of TERS. We
may omit type scripts for simplicity.

Example 3.11 (The untyped call-by-value lambda-calculus [24]) With types,
we can represent an untyped calculus as a TERS. A TERS CBV A\ of Plotkin’s
untyped (left-to-right) call-by-value lambda-calculus is defined as follows.
Type signature ¢
Signature X
Ar(t—=) =, Qe —
Syntax class Sclass
values Vi=a|ANx.M)
v € Val
T=va v Azt)=vu \y.t)
Evaluation contexts FEctz E:=0|FEaM | VQFE
Evaluation rule £
AMz.M[z])QV — M[V]
Refinement rules R
AMz.Mz))QV = M[V]
ANz Vaz) =V

with =y, defined by

We note that evaluation proceeds from left to right in the TERS CBV . For
example, we have:

Mz.2)QA(y.9)Q(A(z.2) QA (w.w)) —¢ AM(y.y)Q(A(z.2) QA (w.w))
—e AMy.y)QA(w.w)
—e Mw.w),

AMz.2)@QA(y.y))Q(A(z.2) @A (w.w)) A& (A(z.2)QA(y.y)) QA (w.w).

The last evaluation is impossible, because (A(z.2)@QA(y.y))@QO is not a valid
evaluation context. We also emphasize that the TERS CBV A is different from
the lambda-calculus with the (leftmost) innermost strategy. Namely, no evalu-
ation can happen inside abstraction; A(x.0) is not a valid evaluation context,
and therefore A(z. A\(y.y)@QA(z.2)) A& Ma.\(z.2)).

Example 3.12 (A simplified computational lambda-calculus .. [6, 7])

A notion of evaluation for Sabry and Wadler’s computational lambda-calculus
Amix [6] has been studied [7]. A TERS Comp,,;. of the computational lambda-
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calculus is defined as follows:

Type signature ¢, Arr(—,—), T(-)

Signature X
Aap: (@ — T(b)) = Arr(a,b), (Qqp): Arr(a,b),a — T(b),
letyp: T(a), (a — T(b)) — T(b), return,: a — T(a)

Syntax classes Sclass
values V.V’ u=zx | \(x.P)

v € Val

T=yuv Ax.t) =va A(y.t')
computations P, P’ :=return(V) | let(P,z.P') | V@V’

Evaluation contexts Ectz E :=0]|let(F,z.P)

with =y, defined by

Evaluation rules £

Az.P[z])QV — P[V] (1)
let(return(V),z.P[z]) — P[V] (2)
Refinement rules R
Az.P[z])QV = P[V] (r1)
let(return(V),z.Pz]) = P[V] (r2)
Mz Vaz) =V (r3)
let(P, z.return(z)) = P (r4)
let(let (P, x1.Palx1]), xo.P3[xa]) = let(Pr, z1.1et(Palx1], x2.Pslxa])) (rD)

Example 3.13 (Effect handlers [25]) A TERS Hndl is defined in Fig. 3.7,

where V, V1, V5 are value metavariables, H is a handler metavariable, and P, Py, P, . ..

are computation metavariables.

We only consider two operations op,,op, and two handlers: handler; for
catching the first operation op; and handler( for catching no operation, for
simplicity. We change the evaluation rule (7) to be the so-called shallow han-
dling; the original, deep handling, rule [25] can be accommodated to a TERS,
but this TERS would not be well-behaved!.

We also select the refinement rules that do not correspond to an evaluation
rule and those whose lhs is a Miller’s higher-order pattern?. The refinement

rules are numbered according to the original presentation [25, Fig. 7].

3.8. Second-order critical pair analysis for local coherence

3.8.1. Crritical pairs
The following definitions are analogous to those of first-order TERS. The
definition of critical pairs is again standard (cf. [26]), akin to commutation.

Definition 3.14 (Lifter) Given a sequence T of variables and a sequence K
of meta-variables, an z@-lifter of a pattern t away K is given by a substitution
o = [M v~ 3.(Mp)[y,z]] where M = FM(t) and p = [M — N] is a renaming
such that (i) NN K = @, and (ii) if M;: @ — b; then N;: @;,a — b;.

IMore specifically, the metavariable P; would appear twice in the rhs of the original rule
of the evaluation rule (7).

2The refinement rule (7) in [25, Fig. 7] is the only refinement rule whose lhs is not a Miller’s
higher-order pattern.
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Type signature Bool, Arr(—,—), Hndl(—,—), T(-)

Signature X
true, false: Bool, fun,;: (a = T(b)) — Arr(a,b), (Qqp): Arr(a,b),a — T(b),
return,: a — T(a), opy,,. (b—=T(c)) = T(e), Py, . G (b= T(c)) = T(e),
handler;,, : (a — T(b)),(da', (' = T(¢)) = T(c')) — Hndl(T(a), T(b)),
handlery, ,: (a — T(b)) — HndI(T(a), T(b)), doa: T(a),(a — T(b)) — T(b),
ify: Bool, T(a), T(a) — T(a), with-handle,: Hndl(T(a), T()), T(a) — T(b)

Syntax classes Sclass
functions F =z | fun(z.P)
values V ii=true | false | F | H

b € {true,false} v € Val

ith =y, defined b
wi Val Q€INE Y b —Val b L =Val U fun(x.t) = Val fun(y't/)

handler;(x.p,x.k.p1) =va handler;(z.p/, x.k.p})

handlerg(x.p) =y handlerg(z.p’)

handlers H ::=handler;(z.P,z.k.P;) | handlery(x.P)
computations P, Py, P, ::=return(V) | op(V,y.P) | do(Py,z.Ps)
| if(V, P1, P») | F V | with handle(H, P)
Evaluation contexts Ectz E ::=0|do(F,z.P) | with -handle(H, E)

Evaluation rules &£ where i € [2]

do(return(V),x.Plx]) — P[V] (1)
d0(opy(V, 3. Puly]), 2-Pala]) — opy(V, y.do(Prly], 2-Pala])) @)
if(true, P, P2) — P, (3)
if(false, P, Py) — Py (4)
fun(z.P[z])QV — P[V] (5)
In the following three rules, h; = handler;(z.P[x], z.k.Pi[z, k]).
with handle(hy, return(V)) — P[V] (6)
with handle(hy, op,(V,y.P'ly])) = P1[V,fun(y.P'[y])] (7)

with_-handle(hy, opy(V,y.P'[y])) — opy(V,y.with -handle(hy, P'[y])) (8)
In the following two rules, hy = handlery(z.P[z]).

with handle(hg, return(V)) — P[V] 9)

with handle(ho, op,;(V,y.P'ly])) — op,;(V,y.with -handle(ho, P'[y])) (10)

Refinement rules R

do(P, z.return(z)) = P (r3)
do(do(Pl,xl.Pg[xl]),xQ.Pg[xz]) = dO(Pl,J,‘l.dO(PQ[.I‘l},Z‘Q.Pg[.IQD) (1'4)
fun(z.FQz) = F (r9)
with handle(handlery(z.P[z]), P') = do(P’,z.P[z]) (r13)

Figure 5: The TERS Hndl
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Definition 3.15 (Unifiers)

e Given two meta-terms ¢, u such that FV (t) = FV (u), a unifier between ¢ and
u is a valid substitution € such that t0 = uf.

o A most general unifier between t and u is given by a unifier € between ¢ and u
such that, for any unifier o between ¢ and u, there exists a valid substitution
o’ such that o = 6o”.

Definition 3.16 (Overlaps) Let Xj,X> € {R,€}. Given rules (I} — r1) €
X1, (Ia =2 12) € X5 and a substitution 6, a tuple (I3 —1 r1,l2 —2 12,p,0,0) is
an (X, Xs)-overlap if it satisfies the following.

e The rules l; —1 r1 and Iy —5 75 do not have common variables or metavari-
ables.

If p = ¢, the rules I; —1 71 and [y —»5 75 are not variants of each other.

The sub-term I4], is not a meta-application, where p is a position of [;.

For T = FV(l1],) N BV (l1), o is an Z-lifter of Iy away FM ().

The substitution € is a most general unifier between 1|, and lyo.

Definition 3.17 (Critical pairs)

e The critical pair generated by an (R, &)-overlap (I1 = r1,lo — 79,p,0,0) is
an (R, E)-peak (116,110, (110)[(r20)0],).

e The critical pair generated by an (€, R)-overlap (I; — r1,ls = ro,p,0,0) is
an (R, E)-peak ((110)[(r20)0],,110,710).

Remark 3.18 Compared to the first-order setting, the definition of critical
pairs need to use lifters defined in Definition 3.14 in the higher-order setting.
The following second-order TERS illustrates the necessity of lifters, which has
not been clearly explained in prior work, such as [26]. The TERS is a variant
of the call-by-name lambda-calculus, with its refinement rule being “incorrect”
eta-rule.
Type signature
Signature X
At =) =0, Qe —, 000
Syntax class Sclass
values Vi=z

with =v,; defined by ——
T =va Yy

Evaluation contexts FEctz E:=0| EQM | Az.E)
Evaluation rule &
Ay-M[y))@N — M[N]
Refinement rule R
Az M'[z]@Qz) = M'[0]
Analogous to the first-order setting, one would consider an overlap between the
evaluation rule — and the refinement rule =. This would amount to take a
most general unifier between the lhs A(y.M[y])@QN of the evaluation rule and a

subterm M'[z]@x of the lhs of the refinement rule. One natural candidate of
the most general unifier is:

0=[Mw—yKly,Nw—x,M— z\y.Kly]).
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However, this is not most general; it cannot have both of the two unifiers below
as instances:

01=[Mw—yy,Nw—x, M — 2’ Xy.y),
Oy = [M — yx,N — z, M — 2’ N\y.z')].

To deal with this apparent lack of most general unifiers, we restrict the definition
of unifiers so that we take unifiers of two terms ¢ and u only when FV (t) =
FV(u). In the above example, this amounts to taking a unifier between terms
Ay.Mly, z])QN|x] and M'[z]@z instead of terms A(y.M[y])@N and M'[z]Qz.
Namely, we derive the term A\(y.M [y, z])@N[z] from the term A(y.M[y])@N so
that it has x as a free variable. Lifters are introduced for this derivation purpose;
the term A(y.M [y, z])@QN|[z] is precisely an z-lifter of the term A(y.M[y])QN.

Lemma 3.19 Let [y,l5 be two patterns with no common metavariables, p be
a position of /; such that the sub-term 1], is not a meta-application, T =
FV(li|,) "BV (l1), and o be an Z-lifter of Iy away FM(l1). The following are
equivalent.

1. 36. (l1|p)9 = (lQO’)e
2. 301,05 (I1],)01 = (I2)02

Moreover, 6| py,) = 01 and (06)|par,) = 02 hold.

PrROOF. (1) = (2). We can take 01 to be the restriction of 0 to FM (1),
i.e. 01 = 0|pap@,). We can take 05 to be the composition of o and 6, namely
02 = of.

(2) = (1). Without loss of generality, we assume that Dom(61) C FM (I1).
Let p be the renaming associated with the lifter o, and 6, be a substitution
[(Mp) — 7, T. O2(M][z])]. We take 6 = 61 U 6,. O

Lemma 3.20 If a critical pair (1, s,t2) is joinable, then for any valid substi-
tution 6, (t10, s6,t20) is a joinable (R, £)-peak.

PrOOF. We have a joinable (R, £)-peak (t1,s,?2). Because evaluation is closed
under valid substitutions, and refinement satisfies t =g ©v = t0 =gz ub,
(t10, 50, 120) is also a joinable (R, E)-peak. O

To obtain the so-called critical pair theorem, TERS need to be well-behaved
again. The following conditions are similar to the first-order case (see Def. 2.15),
except for the last two conditions which ensure that evaluation and refinement
are consistent with syntax classes.

We say that a meta-term ¢t is linear w.r.t. non-value metavariables if every
metavariable that is not a value metavariable occurs at most once in t. Note
that the linear restriction does not apply to value metavariables, allowing a
value metavariable to occur more than twice in .

Definition 3.21 (Well-behaved TERS) A TERS (%, &, R, Ectz, Sclass) is
well-behaved if it satisfies the following.

(i) For any Cy,C5 € Ctz, if C1[Cs] € Ectz then Cy,Cs € Ectz.
(ii) For any E € Ectz and C' € Ctz, if E =g C’ then C’ € Ectx.
(iii) For any (I =g 1) € R,
(a) both I and r are linear w.r.t. non-value metavariables, and
(

b) for every non-value metavariable M : & — 7 € FM(I),
if [M — z.0] € Ectz then r[M — z.0J] € Ectz.
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(iv) For any (I —¢ r) € &, | is linear w.r.t. non-value metavariables.

Thanks to the linearity condition of non-value metavariables, we can have the
distributive law of the map function on lists over list append as a well-behaved
refinement rule: i.e. map(V, M)+ map(V, N) = map(V, M + N) where the first
function argument of map is restricted to values.

Theorem 3.22 (Critical pair theorem) A well-behaved TERS is locally co-
herent if and only if every critical pair is joinable.

PrOOF. The “only if” part is straightforward. In the following, we prove the
“if” part.

Take an arbitrary (R, £)-peak (11, s, t2). Our goal is to prove that this (R, &)-
peak is joinable. Since s =g t1, there exist p € Pos(s), (I = r) € R and valid§
such that s|, =10, t; = s[r6], and s[0], € Ctz. We prove that the (R, E)-peak
(t1,s,t2) is joinable, by induction on the length of the position p.

Base case. When [p| = 0, i.e. p = &, we have s = [0 and t; = rf. Be-
cause 10 —¢ to, there exist p’ € Pos(10), (I' — r') € € and valid@' such that
(10)|,y = U0, ta = (10)[r'0'), and (10)[0),, € Ectz. We have an (R, E)-peak
P = (r0,10,(10)[r'0'],).

o If p’ =¢,and | = r and | — 7 are variants of each other, we have rf = r'¢’
and the (R, E)-peak P is joinable.

e Otherwise, because (10)[0],» € Ectz is a flat context, every prefix of p’ but p’
itself is not a metavariable position in [6.

— If p' is a non-metavariable position of I, since [ and I" are patterns, I|,, must
not be a meta-application nor an argument of a meta-application (i.e. a
variable). Therefore we have (I|,,)0 = (16)|,, = '0". By Lem. 3.19, there is
a unifier between [|,, and I'c for an appropriate lifter 0. The (R, £)-peak
P is an instance of the critical pair generated by an (R, £)-overlap.

— Otherwise, There exist sequences ¢, g2, a metavariable N and a sequence
y such that: ¢1 € Pos(l), ll;, = N[7], g2 € Pos((N[y])f), and p' =
¢1¢92. Because of the condition ((i)) of Def. 3.21, (10)[0],, € Ectz im-
plies {[O]y,, (N[@])0[d]q, € Ectz. In particular, the latter means that
(Ny])0 € NF(—¢), and hence N is not a value metavariable. The metavari-
able N must appear at most once in both [ and r, due to the condition
((iii)a) of Def. 3.21. If N does not appear in r, the (R, E)-peak P is join-
able by applying the rule [ = r to to. Otherwise, i.e. if N appears once in
r, the rule I’ — r’ can be applied to ¢; thanks to the condition ((iii)b) of
Def. 3.21, and the rule [ = r can be applied to t5, thanks to the condition
(3.9) of Def. 3.21. These two applications yield the same result. Therefore,
we can conclude that the (R, E)-peak P is joinable.

Inductive case. When |p| > 0, we have p = ip; for some positive number 4
and some sequence p;. We have either s = f(Z7.uq,...,T;.u;, ..., Tg.u) OF
s = Mlu,...,u,...,ux], such that 160 = u;]p,.

Firstly, assume that we have an (R, £)-peak

P' = (f(zru,...,Twirblp,, ... . Tpuk), f(T1us,. .., T, ..., ), ta).

By s —¢ ta, there exist p’ € Pos(s), (I' — ') € € and valid# such that
sl =10, ta = s[r'0'],, and s[0], € Ectz. We proceed by case analysis on
P’ € Pos(s).
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e When p/ = ¢, we have s = I'6' and t5 = 1'6’.

— If p is a non-metavariable position of I, since [ and I’ are patterns, I'|, must
not be a meta-application nor an argument of a meta-application (i.e. a
variable). Therefore we have (I'|,)0' = (I'0")|, = 10. By Lem. 3.19, there is
a unifier between I'|, and lo for an appropriate lifter 0. The (R, £)-peak
P’ is an instance of the critical pair generated by an (£, R)-overlap.

— Otherwise, there exist sequences q1,¢> and a metavariable M such that:
q1 € Pos(l'), U'l, = M[y], g2 € Pos(M[y]0'), and p = q1¢2. The metavari-
able M appears at most once in I’, due to the condition ((iv)) of Def. 3.21.
We can apply the rule I’ — ' to ¢;. The substitution @’ is valid, thanks to
the condition (3.9) of Def. 3.21. We can also apply the rule [ = r to {2 as
many times as M appears in /. These applications of I’ — v’ and | = r
yield the same result. The (R, E)-peak P’ is therefore joinable.

e When p’ # ¢, i.e. p’ = i'p) for some positive number ¢’ and some sequence pj,
there are two possibilities.

— When i’ = i, by LH., we have a joinable (R, £)-peak Q = (u;[r0],, , us, ui[r'0] ;).
Because f(...,7;.w;[0)p,,...) € Ectr, we have f(...,7;.0,...) € Ectz too,
thanks to the condition ((i)) of Def. 3.21. Therefore, joinability of the
(R, E)-peak @ implies joinability of the (R, £)-peak P’.

— When i’ # i, we can assume that ¢/ < ¢ without loss of generality. The

(R, E)-peak
Pl :(f( .. 73777;"ui’7 LR aTi'ui[Ta]pN .- ')7 f( .. axii"ui'a R ,E.Ui, .- ')7
f( c T UGy [7‘/9/]1,;7 ey T UGy e ))
is joinable (to f(...,Tiug[r'0],, ..., Tiugr6],,, . ..)), thanks to the con-

dition ((ii)) of Def. 3.21.

Secondly, assume that we have an (R, £)-peak
P'= (Mluy,...,u[r0p,, ... ugl, Mug,... ;... w), t2).

By s —¢ ta, there exist p’ € Pos(s), (I' — ') € &€ and valid# such that

sl =10, ta = s[r'0'], and s[0)],y € Ectz. We proceed by case analysis on

P’ € Pos(s).

e When p’ =&, M[uy,...,u;] = '6’. Because I’ is a higher-order pattern, this
is impossible.

e When p’ # ¢, the proof is the same as the case for the (R, £)-peak

P = (f(@ru,...,Tiwrbp,, ... . Truk), f(@1ur, ... T, ..., Tla), ta).

3.8.2. The three examples

Firstly, the TERSs CBV)\, Comp),,;. and Hndl are deterministic and
value-invariant. They have the refinement rule that corresponds to the so-called
eta-equivalence, e.g. A(z.V@Qzx) = V. Tt turns an abstraction, which is a value,
into a value that is identified by =y,; to the original abstraction. Therefore
these TERSs are value-invariance.
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Secondly, the three TERSs are well-behaved. Most of the conditions are triv-
ially satisfied, or easy to check. The condition (ii) can be checked by straight-
forward induction on E € Ectz.

To establish local coherence, the next step is to check every critical pair is
joinable. The TERS CBV A\ has the following two joinable critical pairs, which
are for the second refinement rule (the so-called eta-rule) and the sole evaluation
rule.

A\z.V z) V'

= ~~
VV —7=V V'

Ar' . M'[z']) A\z.V z)
T

=
\ M’[V] /

The TERS CompA,,,;. has the following three critical pairs. In the following,
arrows —, = are labelled by a number that indicates which evaluation/refine-
ment rule is applied.

\z' . M'[z')) V M'[\z.V x]

B(Ax.V x) V'
) N

Vv 7%

1?41: (return(V), x.return(acz))
/ \

return(V) return(V)

let(]E).et(return(V), x.P[x]),Qx'.P’ [2'])
/ T
let(return(V),z.let(Px], 2’ .P'[z'])) let(P[V],2'.P'[z'])

T

let(P[V],a'.P'[z'])

"

The TERS Hndl has the following ten joinable critical pairs; we merge some of
them below using op; (¢ € [2]). In the following, arrows —, = are labelled by a
number that indicates which evaluation/refinement rule is applied, and we set
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ho = handler((z.P[z]).
do(rre;:urn(V), :c.returln(:r))
/ \

return(V) return(V)

do(opi}y.P[y} ), x.return(xg)
- \

op,;(V,y.Ply]) r3 op,(V,y.do(Ply], x.return(x)))

do(cio(return(V), z.Plx]), xl’.P' [2'])
/ \
do(return(V), z.do(P[z], 2. P'[2'])) do(P[V],2".P'[z'])
T =
do(P[V], 2. P'[+'])

do(do(ogi(V, x.Plx]),y.Ps [y])éz.Pg [2]
/ \
do(op;(V,z.P[z]), yi.do(Pg [y],2.Ps]z]))  do(op,;(V, x.do(P[acj, y.Pay))), z.Ps[2])

op, (V, x.do(Plz], y.do( P2y, 2.P3[2]))) £ op;(V, 2.do(do(Plz], y.Paly]), 2. Ps[2]))

~

with handle(hg, return(V))

==

do(return(V),z.P[x])

\
\P/

withf?)handle(hm op,;(V,y.P'[y]))
/ \
do(op; (V,y.P'[y]), .Plx]) op; (V, y-with handle(ho, P'[y]))

\ rl3

op;(V,y.do(P'[y], z.P[z]))

Finally, by Thm. 3.10 and Thm. 3.22, the refinement rules R of each of the
three TERSs are improvement with respect to the evaluation rules €.

4. Further example: the call-by-need lambda-calculus

Example 4.1 (Typed call-by-need lambda-calculus [27]) A TERS CBNeed\
of the call-by-need lambda-calculus is defined in Fig. 6. The residual syntax class

is the only syntax class in this paper that is not defined by BNF. A residual r

for a variable x contains z only once, such that r[0], € Ectz for the position p

of z in 7.



Type signature ¢, Arr(—,—)
Signature X

Aap: (@ — D) — Arr(a,b), (Qqp): Arr(a,b),a — b, letyp: a,(a —b) > b
Syntax classes Sclass

answers A=z | Mx.M)

values Vi=AMa.M) | let(M,z.V)

!
v = v
with =4 defined by Val

AMzt) =va Myt')  let(t,z.v) =vu let(t,

residuals R, for each variable =
reR, teTy z¢&FV(t) rQtis well-typed
€ R, rQt € R,
teTy reR, z#y xz & FV({t) let(t,y.r)is well-typed
let(t,y.r) € Ry

reR, " e€R, x#y x&FV(r') let(r,y.r’) is well-typed
let(r,y.r') € Ry

')

Evaluation contexts Ectz FE :=0| EQM | let(M,z.E) | let(E,z.E[z])

Evaluation rules £
AMz.M[z])QN — let(N,z.M[z])
let(A, z.R;[x]) = Ry[A4]
let(M,z.V]z])QN — let(M,z.V[z]QN)
let(let(M,z.Vz]),y.Ryly]) — let(M, z.let(V(x], y.Ryly]))
Refinement rules R
AMz.M[z])QN = let(N,z.M[z])
let(A, z.R;[x]) = R.[A4]
let(M,z.V]z])@QN = let(M,z.V[z]QN)
let(let(M,z.V(z]),y.Ryly]) = let(M,z.let(V(z],y.Ry[y]))
let(M,z.N) = N

Figure 6: Call-by-need lambda-calculus
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This TERS CBNeed ) is deterministic, value-invariant, and also well-behaved.
It has the following joinable critical pair.

let(let(M,z.V),y.Ry[y])

let(V,y.Ry[y)) let(M, .1et(V,y.R,[y])
\ /7”5

let(V, yRy[y])

Therefore, by Thm. 3.10 and Thm. 3.22, the refinement rules R of the TERS
CBNeed) are improvement with respect to the evaluation rules &.

5. Rewriting strategies and term evaluation

In term rewriting systems, a one-step rewriting strategy is a way to choose
one redex to contract in each rewriting step. In this section, we discuss several
rewriting strategies including context-sensitive rewriting and how TESs formal-
ism realizes strategies. First, we recall the ordinary definitions.

Definition 5.1

(i) A one-step rewriting strategy F is a function F' on terms such that ¢t =
F(t) if t is a normal form of a rewrite system R, and t —x F(t) otherwise
[14, Definition 4.9.1].
(ii) An innermost redex is a redex that has no proper subredex.
(iii) The innermost strategy reduces an innermost redex in each rewrite step.
(iv) The leftmost-innermost strategy reduces the leftmost-innermost redex.

5.1. The innermost strategy

Let (Type, X, E, Ectx, Sclass) be a second-order TES. Suppose that it satisfies
the following conditions:

(i) Ectr = Ctx.

(ii) Every critical pair of & is trivial.
(iii) Every metavariable in rules in £ is a value-metavariable.
(iv) Val = NF(—¢).

Then the evaluation —¢ always takes the innermost rewriting strategy. In this
setting, a valid substitution assigns a normal form to each variable in a rule.

The leftmost-innermost strategy can be realized by defining evaluation con-
texts like

Ew=0] f(Bitay...otn) | f(V,E,to,... tn) | f(Vs... . V,E)|---

Remark 5.2 The TES &£ consisting of the following rules shows why the con-
dition (ii) is necessary.

fle) =0 (1)
flg(x)) =1 (2)
gla) = c (3)

Consider the innermost rewrite sequence

fg(a)) —e flc) =& 0

which rewrites the underlined innermost redexes. As a TES, we obtain the first
rewrite step by an inference that instantiates the rule (3) and puts it to the
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context f(0J). However, we can also obtain an outermost rewrite as an instance
of the rule (2):
flg(x)) = 1€ & valid [z — a

flg(a)) =1
We want to prohibit this, but we cannot achieve it by imposing restrictions
on context and substitution. This is because there is a non-trivial critical pair
between (2) and (3), so the condition (ii) is necessary.

(RuleSub)

5.2. Innermost strategy in rewrite systems vs call-by-value in TES

In term rewriting literature, it is often explained that the innermost rewrit-
ing realizes the call-by-value evaluation. Strictly speaking, however, they are
different. The innermost rewriting is a strategy specified by innermost redexes
merely, and the call-by-value evaluation is a calling mechanism in programming
languages, where the notion of values is also important.

To concretely show the difference, we consider a TRS (X, R) defined by
¥ ={0,+,g,h}, where g, h are O-ary function symbols, and

R={0+y—uy, s(x)+y—s(zx+y), g— h}

Then 0+ g -r 0+ h =% h (normal form) is an innermost rewrite sequence.
We now consider a corresponding second-order TES &, that adopts the
call-by-value evaluation. We take the same signature ¥ with

Values V ::=0 | s(V) Evaluation contexts F:=0 | E+t | V+ FE

and a set Eqy 2 R of evaluation rules, but now we take the variables x,y as value
metavariables to satisfy the condition (iii) in §5.1. Then we have 0+g —¢ 0+h,
which is a normal form. The first +-rule is not applicable to 0 + h because the
y in the +-rule is a value variable and h is not a value. The innermost rewriting
strategy cannot simulate this behavior. Therefore, the innermost strategy and
call-by-value are different.

Remark 5.3 Note that call-by-value evaluation is not a rewriting strategy in
the formal sense of Definition 5.1 (i) because the strategy function F' must
return the next rewritten term whenever the given term is not a normal form
of non-strategic rewriting. In the above case, 0 4+ h is not a normal form of
R, but the call-by-value evaluation does not provide the next rewritten term of
it. Therefore, the call-by-value evaluation should be considered as a restriction,
rather than a strategy, of rewriting as discussed in the case of context-sensitive
rewriting [28, Remark 1].

5.8. Context-sensitive rewriting

In the first-order setting, another established way to specify a rewriting
strategy (or more precisely, a restriction, cf. Remark 5.3) is Lucas’ context-
sensitive rewriting [13]. We first recall its definition.

Definition 5.4 (Context-sensitive rewriting [13]) A context-sensitive term
rewriting system (CS-TRS in short) (X, R, u) is given by:

e a signature X

o a set R of rewrite rules (I = r) € R such that [ is not a variable and
FV() 2 FV(r)

e a replacement map p that assigns each (f : n) € ¥ a subset u(f) C [n)].
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A replacement map pu, which is the core of context-sensitive rewriting, speci-
fies where rewriting can happen. Specifically, it induces a set Pos*(t) of positions
of a term t as follows.

Pos(z) = {e}, Pos"(f(tr,....tn)) ={c}U |J i.Pos"(t,).
ien(f)
A CS-TRS (X, R, i) induces the following rewrite relation —x .

substd (I=r)eR pePos(t) tl,=10 u=t[rd,
t ‘—)R# u

A rewrite [ = r can only happen when the position p is an active position, i.e.
p satisfies p € Pos”(t).

Although context-sensitive rewriting can restrict where rewriting can hap-
pen, it does not inherently specify in which order rewriting can happen. Indeed,
any CS-TRS can be translated into a potentially nondeterministic TES.

Definition 5.5 (Nondeterministic construction) Given a CS-TRS (3, R, u),
we define a first-order TES (X, &, Ectz, Val) as follows.

e f={l—>r|(I=r)eR}

o Let Xyetiwe ={f€X |l —=>r) €& Fy,... .t € Tl = f(t1,...,tn)},
and Xpgssive = L\Xactive. The sets Fctz and Val are inductively defined
as below.

(f:n)eX n>0 ieu(f) EE€Ectr {tj € Ts}jempi
U € Ectx f(tl,...,ti_l,E,ti+1,...,tn)EECt$

(f:n) € Bpassive {tj € Valtjeury {t; € Tsljempue
f(tl, R ,tn) € Val

We call this construction nondeterministic to emphasize that the resulting eval-
uation relation —¢ is potentially nondeterministic.

Proposition 5.6 Let (X, R, u) be a CS-TRS and (X, £, Ectz, Val) be the TES
obtained from the CS-TRS by the nondeterministic construction. We have:

t=oruu < t—gu

PrROOF. [«<]: There exist (I — r) € £, E € Ectx and subst 6 such that ¢t = E[l6)
and u = E[rf]. Let p be the position of O in E. By construction of Ectx, we
have p € Pos(E|[16]).

[=]: There exist (I — r) € &, subst® and p € Pos*(t) such that ¢, = 16
and u = t[rf],. We can prove by straightforward induction on p that we have
t|d], € Ectz.

In summary, every CS-TRS can be simulated by a nondeterministic TES.
However, a deterministic TES cannot, in general, be simulated by a CS-TRS.

For example, a replacement map p(if) = {1} specifies that only the first ar-
gument (i.e. the guard ¢ of i£(¢, 1, $2)) can be rewritten. The nondeterministic
construction encodes this into evaluation contexts as E ::= 0 | if(FE, s1, $2).

Another example is pu(+) = {1, 2} that specifies both of the two arguments
of summation + can be rewritten. This is encoded as

F =0 \ E+t|t+E.
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This specification of evaluation contexts induces a nondeterministic evaluation
relation —¢; both (14+2)+(34+4) —¢ 3+(3+4) and (142)+(3+4) —¢ (1+2)+7
are possible. Note the difference with a left-to-right deterministic specification
of evaluation contexts

FE =0 | E+t | v+ F

where v represents a value. With this specification, only (14 2) + (34 4) —¢
3+ (3+44) is possible, and (1+2)+ (3+4) —¢ (142) + 7 is impossible because
1+ 2 is not a value and (1 + 2) + O is not a valid evaluation context.

This example shows a difference between context-sensitive rewriting and
TES. Context-sensitive rewriting does not inherently specify an evaluation or-
der on function arguments, such as left-to-right evaluation, whereas TES can
explicitly define an evaluation order.

Another example showing a difference is in the comparison with the call-
by-value evaluation in §5.2. Context-sensitive rewriting does not inherently
simulate the behavior of TES &by .

The following is taken from the literature on context-sensitive rewriting.

Example 5.7 (Nats [13, Ex. 8.19]) Let Nats be the TERS defined as fol-

lows.

Signature X nats: 0, inc: 1, hd: 1, t1: 1, (:): 2,
s:1,0:0

Values Val Viu=0|s(V) |Vt
with =y, defined by

V =va V'
0 =Val 0 S(V) =Val S(V/)
V=V tteTs
V:t:\/al V/:t/
Evaluation contexts FEctz E:=0]|hd(E) | tL(E) | inc(E) | E:t | s(E)

Evaluation rules £ Refinement rule R

nats — 0 : inc(nats) tl(inc(nats)) = inc(tl(nats))
inc(z : y) — s(z) : inc(y)

hd(z:y) =«

tl(z:y) =y

This TERS Nats is deterministic, value-invariant and locally coherent. By
Thm. 2.7, its refinement R is improvement w.r.t. its evaluation £. In the proof
of local coherence, we observe that the TERS Nats has one critical pair; it is
joinable as in Fig. 7. The direction of refinement, which we reversed compared
to the original [13], is crucial. Refinement must not increase the number of
evaluation steps.

Another point we highlight is that the context-sensitive rewriting systems
are currently formulated as untyped, first-order systems only. In contrast, the
second-order TERS framework incorporates types and higher-order functions,
making it suitable for more faithfully modelling the operational semantics for
real-world lazy and strict higher-order typed functional programming languages,
such as Haskell and ML, as demonstrated in Example 3.3, 3.11, 3.12, 3.13, and
4.1.
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t1(inc(nats))

— T

inc(tlinats)) t1(inc(0: 1nc(nats)))
inc(t1(0: inc(nats))) t1(s(0) : inc(inc(nats)))
[ S
inc(inc(nats

Figure 7: Joinability of the critical pair

6. Related work

6.1. Evaluation from the term-rewriting perspective

Unlike general term rewriting (i.e., refinement), evaluation that uses Felleisen’s
evaluation contexts has received little attention in the rewriting literature. As
an exception, Faggian et al. [7, 29] studied evaluation for specific simplified com-
putational lambda-calculi including A,;«. They proved that refinement implies
observational equivalence, crucially using the fact that refinement is confluent
in these calculi. In contrast, we study evaluation for general TERS. We iden-
tify sufficient conditions (e.g. local coherence) for contextual improvement, not
relying on confluence of refinement.

6.2. Proof methodologies for improvement

There is rich literature on methodologies for proving observational equiv-
alence [30, 31, 32, 33]. Some methodologies have been applied to effect han-
dlers [34, 35]. We provide a novel term-rewriting-theoretic methodology centred
around local coherence and critical pair analysis.

Our methodology is partly automatable, thanks to the fact that critical
pair analysis for second-order computation systems can be automated [20, 9].
Our prototype analyzer based on this technology could automatically check
the joinability of the critical pairs in the examples. There are few works on
automating observational equivalence proofs for functional programs. Known
examples, including the tool SyTeCi [36], are based on or inspired by algorithmic
game semantics [37].

This work is targeted at contextual improvement, a quantitative variant
of observational equivalence. There is relatively limited literature on proof
methodologies for contextual improvement. A coinductive approach based on
applicative bisimulation has been used for space improvement [38] and time im-
provement [39]. This line of work, however, does not come with any form of
automation.

7. Conclusion and future work

We formalised evaluation from the term-rewriting perspective, and intro-
duced TERS in both first-order and second-order settings. To validate refine-
ment (which models optimisation) with respect to evaluation, we employed the
concept of contextual improvement, and identified sufficient conditions for it.
The key condition is local coherence, for which we developed critical pair anal-
ysis. We demonstrated TERS with examples including A,,;.« and its extension
with effect handlers.
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This work contributes to bridging the gap between general term rewriting
and evaluation, by introducing TERS. We are interested in bringing more term-
rewriting techniques and insights to evaluation; for example to check if a TERS
is deterministic, and if refinement implies observational equivalence instead of
contextual improvement.

This work was supported in part by JSPS, KAKENHI Project No. 20H04164,
and No. 22K17850, Japan.
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