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 a b s t r a c t

For a programming language, term rewriting appears in two distinct roles: run-time rewriting, 
referred to as evaluation, and compile-time rewriting, referred to as refinement. While evaluation 
specifies operational semantics, refinement models program transformations and optimisations 
and must therefore be validated with respect to evaluation.
 This paper develops a rewriting-theoretic proof methodology for establishing contextual im-
provement, a quantitative correctness criterion that ensures that refinement preserves observable 
results and does not increase the number of evaluation steps. The methodology is centred around 
the notion of local coherence, a sufficient condition that enables local reasoning about the inter-
action between evaluation and refinement.
 To formulate and analyse this interaction, we introduce Term Evaluation Systems (TES) and 
Term Evaluation and Refinement Systems (TERS), which make evaluation contexts, refinement 
rules, and values explicit within a uniform rewriting-theoretic framework. We show that local 
coherence can be established by critical pair analysis, thereby reducing contextual improvement 
to a finite and systematic analysis of rewrite rules.
 The theory is developed both in a first-order setting and in a simply-typed second-order setting. 
The first-order setting isolates the core ideas, while the second-order case addresses additional 
technical challenges arising from variable binding, metavariables, and higher-order critical pairs. 
The applicability of the methodology is demonstrated through a range of examples from functional 
programming, including calculi with effects and sharing.

1.  Introduction

Term rewriting provides a general and well-established model of computation. In the context of programming languages, rewriting 
typically appears in two distinct roles: run-time rewriting, which we refer to as evaluation, and compile-time rewriting, which we 
refer to as refinement.

The difference between evaluation and refinement can be characterised by the way rewrite rules are applied inside contexts. 
Evaluation is constrained by evaluation contexts, whereas refinement can be applied under arbitrary contexts. This distinction can 
be summarised by the following inference rules:

(𝑙 → 𝑟) ∈  𝐸 ∈ 𝐸𝑐𝑡𝑥
𝐸[𝑙𝜃] → 𝐸[𝑟𝜃]

(𝑙 ⇒ 𝑟) ∈  𝐶 ∈ 𝐶𝑡𝑥
𝐶[𝑙𝜃] ⇒ 𝐶[𝑟𝜃]
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\begin {equation*}\frac {(l \to r) \in {\mathcal {E}} \ \ E\in \Ectx }{E[l \theta ] \toE E[r \theta ]} \qquad \qquad \frac {(l \Rightarrow r) \in \RR \ \ C \in \CX }{C[l \theta ] \toR C[r \theta ]}\end {equation*}
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\begin {align*}v ::= \lambda x. t \qquad t,t' ::= x \mid v \mid t\ t' \qquad E ::= \Box \mid E\ t \mid v\ E \qquad (\lambda x. t)\ v \to t[v/x].\end {align*}
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\begin {align*}&v,v' ::= x \mid \lambda x. p \qquad p,p' ::= \keyw {return}(v) \mid \keyw {let}\ x = p\ \keyw {in}\ p' \mid v\ v' \qquad E ::= \Box \mid \keyw {let}\ x = E\ \keyw {in}\ p \\ &(\lambda x. p)\ v \to p[v/x] \qquad \qquad \keyw {let}\ x = \keyw {return}(v)\ \keyw {in}\ p \to p[v/x].\end {align*}
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\begin {gather*}\begin {aligned} (\lambda x. p) \ v &\To p[v/x] &\qquad \keyw {let} x = \keyw {return}(v)\ \keyw {in} p &\To p[v/x]\\ \lambda x. v \ x &\To v (x \text {is not free in} v) &\qquad \keyw {let} x = p\ \keyw {in} \keyw {return}(x) &\To p\\ \end {aligned} \\ \keyw {let}\ x_1 = (\keyw {let}\ x_2 = p_2\ \keyw {in}\ p_1)\ \keyw {in}\ p_3 \To \keyw {let}\ x_2 = p_2\ \keyw {in}\ \keyw {let}\ x_1 = p_1\ \keyw {in}\ p_3.\end {gather*}
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$s[t]_p$


$s$


$p$


$t$


$\subterm {s}{p}$


$s$


$p$


$p$


$t$


$\subterm {t}p$


$\subterm {t}p = M[t_1,\ooo ,t_n]$


$\subterm {t}p = M$


$n=0$


$M[\;]$


$M$


$\theta $


$[M_1 \mapsto \seq {x_1}.s_1, \ldots , M_k \mapsto \seq {x_k}.s_k]$


$M_1,\ldots ,M_k$


$\Theta , \Gamma $


$i \in [k]$


$(M_i \colon \seq {a_i} \to b_i) \in \Theta $


$\Theta \vartriangleright \Gamma , \seq {x_i : a_i} \vdash s_i : b_i$


$M_1,\ldots ,M_k$


$\theta $


$\Dom (\theta )$


$\mju {\Theta , M_1:\seq {a_1}\to b_1,\ooo , M_k:\seq {a_k}\to b_k}{\Gamma }{t}{b}$


$t \theta $


\begin {align*}x\theta &= x \\ (f(\seq {x_1}.t_1, \ldots , \seq {x_l}.t_l))\theta &= f(\seq {x_1}.t_1\theta , \ldots , \seq {x_l}.t_l\theta ) \\ (M[t_1,\ldots ,t_m])\theta &= \begin {cases} s_i\{(x_i)_1 \mapsto t_1\theta , \ldots , (x_i)_m \mapsto t_m\theta \} & (\exists i \in [k].\ M \equiv M_i) \\ M[t_1\theta ,\ldots ,t_m\theta ] & (\text {otherwise}) \end {cases}\end {align*}


$s_i\{(x_i)_1 \mapsto t_1\theta , \ldots , (x_i)_m \mapsto t_m\theta \}$


$t \theta $


$t$


$\theta _1 = [\seq {M \mapsto \seq {x}.s}, \seq {K \mapsto \seq {z}.t}]$


$\theta _2 = [\seq {N \mapsto \seq {y}.u},\allowbreak \seq {K \mapsto \seq {z}.t}]$


$\seq {M},\seq {N},\seq {K}$


$\theta _1\theta _2$


$\theta _1\theta _2 = [\seq {M \mapsto \seq {x}.s\theta _2}, \seq {K \mapsto \seq {z}.t\theta _2},\allowbreak \seq {N \mapsto \seq {y}.u}]$


$(t\theta _1)\theta _2 = t(\theta _1\theta _2)$


$\rho = [\seq {M \mapsto N}]$


$\rho $


$\seq {M} \cap \seq {N} = \emptyset $


$M[x_1,\ldots ,x_m]$


$x_1,\ldots ,x_m$


$\sigma $


$\hole ^\sigma $


$\sigma $


$C$


$C : \sigma \to \tau $


$C$


$\tau $


$\hole ^\sigma $


$\sigma $


$C[t]$


$\Box ^\sigma $


$C$


$t$


$\sigma $


$\sigma $


$f(x.\Box )$


$M[\Box ]$


$M[f(x.\Box )]$


$\CZ $


$\CC $


$\lambda _\text {value}$


\begin {equation*}\textbf {{Values}} \quad V \;::=\; x \mid \lambda ( x.M ) \hspace {3em} \textbf {{Non-values}} \quad P \;::=\; M @ N\end {equation*}


$V,P$


$\Sclass $


$\langle $


$\rangle $


$\lambda _\text {value}$


\begin {equation*}\Sclass = \{\;\textbf {values}\;V ::= x \mid \lambda (x. M),\qquad \textbf {non-values}\;P ::= M @ N \;\}.\end {equation*}


$V$


$P$


$M,N$


$\theta $


$(M\mapsto \seq {x}.t) \in \theta $


$S$


$M$


$T$


$t$


$S \supseteq T$


$\valid \theta $


$\theta $


$M$


$V$


$\theta : M \mapsto V$


$\theta : V \mapsto M$


$t$


$t\theta $


$\theta $


$\mju {\Theta }{}{ \ell }b$


$\mju {\Theta }{}{ r }{b},$


\begin {equation*}\mju {\Theta } {} { \ell \to r }b\end {equation*}


$\ell $


$\ell $


$r$


$\ell $


$\ell \to r$


$\ell \Rightarrow r$


$(\TySig ,\Sigma ,\TES ,\Ectx ,\Sclass )$


$\TySig $


$\Sigma $


$\mathcal {E}$


$\Ectx \subseteq \CZ $


$\Sclass $


$\Value $


$\Value \subseteq \NF (\toE )$


$v \in \Value $


$v\theta \in \Value $


$\valid \theta $


${\ValEq } \subseteq \Value \times \Value $


${\toE } \subseteq \MZ \times \MZ $


$\toE $


$\toE $


$\Ectx $


$\Ectx $


$(\TySig ,\Sigma ,\TES ,\RR ,\Ectx ,\Sclass )$


$(\TySig , \Sigma ,\TES ,\Ectx ,\Sclass )$


$\mathcal {R}$


$(l \refine r) \in \mathcal {R}$


$\valid \theta $


$l\theta $


$S$


$r\theta $


$S$


$(l \evaluate r) \in \mathcal {R}$


$\valid \theta $


$l\theta $


$S$


$r\theta $


$S$


$\toR $


$\toR $


$\toR $


$\CZ $


$(\Sigma ,\TES ,\RR ,\Ectx ,\Sclass )$


$\mathcal {R}$


$\mathcal {E}$


$\ECBV $


\begin {align*}&\textbf {Type signature } \qquad \iota \\ &\textbf {Signature } \Sigma \qquad \lambda \colon (\iota \to \iota )\to \iota ,\; @ \colon \iota ,\iota \to \iota \\ &\textbf {Syntax class } \Sclass \\ &\quad \textbf {values}\qquad V ::= x \mid \lambda (x. M) \quad \text { with $\ValEq $ defined by } \quad \frac {v \in \Val }{x \ValEq v} \quad \frac {}{\lambda (x.t) \ValEq \lambda (y.t')} \\ &\textbf {Evaluation contexts } \Ectx \qquad E ::= \Box \mid E@M \mid V@E\\ &\textbf {Evaluation rule } {\mathcal {E}} \\ &\quad \lambda (x. M[x])@V \to M[V] \\ &\textbf {Refinement rules } {\mathcal {R}}\\ &\quad \lambda (x. M[x])@V \To M[V] \\ &\quad \lambda (x. V@x) \To V\end {align*}


$\lambda (x. V@x)$


$V$


$x$


$V$


$\ValEq $


$\ECBV $


\begin {align*}(\underline {\lambda (x.x)@\lambda (y.y)})@(\lambda (z.z)@\lambda (w.w)) &\toE \lambda (y.y)@(\underline {\lambda (z.z)@\lambda (w.w)}) \\ &\toE \underline {\lambda (y.y)@\lambda (w.w)} \\ &\toE \lambda (w.w), \\ (\lambda (x.x)@\lambda (y.y))@(\underline {\lambda (z.z)@\lambda (w.w)}) &\not \toE (\lambda (x.x)@\lambda (y.y))@\lambda (w.w).\end {align*}


$(\lambda (x.x)@\lambda (y.y))@\Box $


$\ECBV $


$\lambda (x.\Box )$


$\lambda (x.\underline {\lambda (y.y)@\lambda (z.z)}) \not \toE \lambda (x.\lambda (z.z))$


$\lambda _{ml*}$


$\LamML $


$\ELamML $


\begin {align*}&\textbf {Type signature } \qquad \iota ,\; \Arr (-,-),\; \fn {T}(-)\nonumber \\ &\textbf {Signature } \Sigma \nonumber \\ &\quad \lambda _{a,b} \colon (a \to \fn {T}(b))\to \Arr (a,b),\; (@_{a,b}) \colon \Arr (a,b),a\to \fn {T}(b),\; \keyw {let}_{a,b} \colon \fn {T}(a), (a\to \fn {T}(b))\to \fn {T}(b),\; \keyw {return}_a \colon a \to \fn {T}(a) \nonumber \\ &\textbf {Syntax classes } \Sclass \nonumber \\ &\quad \textbf {values}\qquad V,V' ::= x \mid \lambda (x. P) \quad \text { with} \ValEq \text {defined by } \quad \frac {v \in \Val }{x \ValEq v} \quad \frac {}{\lambda (x.t) \ValEq \lambda (y.t')} \nonumber \\ &\quad \textbf {computations}\qquad P,P' ::= \keyw {return}(V) \mid \keyw {let}(P,x.P') \mid V@V' \nonumber \\ &\textbf {Evaluation contexts } \Ectx \qquad E ::= \Box \mid \keyw {let}(E,x.P) \nonumber \\ &\textbf {Evaluation rules } {\mathcal {E}} \nonumber \\ &\quad \lambda (x. P[x])@V \to P[V] &\text {(1)} \\ &\quad \keyw {let}(\keyw {return}(V),x.P[x]) \to P[V] &\text {(2)}\end {align*}


\begin {align*}&\textbf {Refinement rules } {\mathcal {R}}&\\ &\quad \lambda (x. P[x])@V \To P[V] &\text {(r1)} \\ &\quad \keyw {let}(\keyw {return}(V),x.P[x]) \To P[V] &\text {(r2)} \\ &\quad \lambda (x. V@x) \To V &\text {(r3)} \\ &\quad \keyw {let}(P,x.\keyw {return}(x)) \To P &\text {(r4)} \\ &\quad \keyw {let}(\keyw {let}(P_1,x_1.P_2[x_1]),x_2.P_3[x_2]) \To \keyw {let}(P_1,x_1.\keyw {let}(P_2[x_1],x_2.P_3[x_2])) &\text {(r5)}\end {align*}


$\EHandler $


$\EHandler $


$V,V_1,V_2$


$H$


$P,P_1,P_2,\ldots $


$\keyw {op}_1,\keyw {op}_2$


$\keyw {handler}_1$


$\keyw {op}_1$


$\keyw {handler}_0$


$P_1$


$\seq {x}$


$\seq {K}$


$\seq {x^a}$


$t$


$\seq {K}$


$\sigma = [\seq {M \mapsto \seq {y}.(M\rho )[\seq {y},\seq {x}]}]$


$\seq {M} = \FM (t)$


$\rho = [\seq {M \mapsto N}]$


$\seq {N} \cap \seq {K} = \emptyset $


$M_i \colon \seq {a_i} \to b_i$


$N_i \colon \seq {a_i},\seq {a} \to b_i$


$t,u$


$\FV (t) = \FV (u)$


$t$


$u$


$\theta $


$t\theta = u\theta $


$t$


$u$


$\theta $


$t$


$u$


$\sigma $


$t$


$u$


$\sigma '$


$\sigma = \theta \sigma '$


$\XX _1,\XX _2 \in \{ \RR ,{\mathcal {E}} \}$


$(l_1 \rightarrowtriangle _1 r_1) \in \XX _1$


$(l_2 \rightarrowtriangle _2 r_2) \in \XX _2$


$\theta $


$(l_1 \rightarrowtriangle _1 r_1, l_2 \rightarrowtriangle _2 r_2, p, \sigma , \theta )$


$(\XX _1,\XX _2)$


$l_1 \rightarrowtriangle _1 r_1$


$l_2 \rightarrowtriangle _2 r_2$


$p = \empseq $


$l_1 \rightarrowtriangle _1 r_1$


$l_2 \rightarrowtriangle _2 r_2$


$\subterm {l_1}{p}$


$p$


$l_1$


$\seq {x} = \FV (\subterm {l_1}{p}) \cap \BV (l_1)$


$\sigma $


$\seq {x}$


$l_2$


$\FM (l_1)$


$\theta $


$\subterm {l_1}{p}$


$l_2\sigma $


$(\RR ,{\mathcal {E}})$


$(l_1 \To r_1, l_2 \to r_2, p, \sigma , \theta )$


$(\RR ,{\mathcal {E}})$


$(r_1\theta , l_1\theta , (l_1\theta )[(r_2\sigma )\theta ]_p)$


$({\mathcal {E}},\RR )$


$(l_1 \to r_1, l_2 \To r_2, p, \sigma , \theta )$


$(\RR ,{\mathcal {E}})$


$((l_1\theta )[(r_2 \sigma )\theta ]_p, l_1\theta , r_1\theta )$


\begin {align*}&\textbf {Type signature }\qquad \iota \\ &\textbf {Signature } \Sigma \qquad \lambda \colon (\iota \to \iota )\to \iota ,\; @ \colon \iota ,\iota \to \iota ,\; 0 \colon \iota \\ &\textbf {Syntax class } \Sclass \\ &\quad \textbf {values}\qquad V ::= x \quad \text { with} \ValEq \text { defined by } \quad \frac {}{x \ValEq y} \\ &\textbf {Evaluation contexts } \Ectx \qquad E ::= \Box \mid E@M \mid \lambda (x.E) \\ &\textbf {Evaluation rule } {\mathcal {E}} \\ &\quad \lambda (y. M[y])@N \to M[N] \\ &\textbf {Refinement rule } {\mathcal {R}}\\ &\quad \lambda (x. M'[x]@x) \To M'{[}0]\end {align*}


$\to $


$\To $


$\lambda (y.M[y])@N$


$M'[x]@x$


\begin {equation*}\theta = [M \mapsto y.K[y], N \mapsto x, M' \mapsto x.\lambda (y.K[y])].\end {equation*}


\begin {align*}\theta _1 &= [M \mapsto y.y, N \mapsto x, M' \mapsto x'. \lambda (y.y)], \\ \theta _2 &= [M \mapsto y.x, N \mapsto x, M' \mapsto x'. \lambda (y.x')].\end {align*}


$t$


$u$


$\FV (t) = \FV (u)$


$\lambda (y.M[y,x])@N[x]$


$M'[x]@x$


$\lambda (y.M[y])@N$


$M'[x]@x$


$\lambda (y.M[y,x])@N[x]$


$\lambda (y.M[y])@N$


$x$


$\lambda (y.M[y,x])@N[x]$


$x$


$\lambda (y.M[y])@N$


$l_1,l_2$


$p$


$l_1$


$\subterm {l_1}{p}$


$\seq {x} = \FV (\subterm {l_1}{p}) \cap \BV (l_1)$


$\sigma $


$\seq {x}$


$l_2$


$\FM (l_1)$


$\exists \theta .\ (\subterm {l_1}{p})\theta = (l_2 \sigma )\theta $


$\exists \theta _1,\theta _2.\ (\subterm {l_1}{p})\theta _1 = (l_2)\theta _2$


$\theta |_{\FM (l_1)} = \theta _1$


$(\sigma \theta )|_{\FM (l_2)} = \theta _2$


$\implies $


$\theta _1$


$\theta $


$\FM (l_1)$


$\theta _1 = \theta |_{FM(l_1)}$


$\theta _2$


$\sigma $


$\theta $


$\theta _2 = \sigma \theta $


$\implies $


$\Dom (\theta _1) \subseteq \FM (l_1)$


$\rho $


$\sigma $


$\theta _2'$


$[\seq {(M\rho ) \mapsto \seq {y},\seq {x}.\ \theta _2(M[\seq {x}])}]$


$\theta = \theta _1 \cup \theta _2'$


$(t_1,s,t_2)$


$\theta $


$(t_1\theta ,s\theta ,t_2\theta )$


$(\RR ,{\mathcal {E}})$


$(\RR ,{\mathcal {E}})$


$(t_1,s,t_2)$


$t \toR u \implies t\theta \tooR u\theta $


$(t_1\theta ,s\theta ,t_2\theta )$


$(\RR ,{\mathcal {E}})$


$t$


$t$


$t$


$(\Sigma ,\mathcal {E},\mathcal {R},\Ectx ,\Sclass )$


$C_1,C_2 \in \CZ $


$C_1[C_2] \in \Ectx $


$C_1, C_2 \in \Ectx $


$E \in \Ectx $


$C' \in \CZ $


$E \toR C'$


$C' \in \Ectx $


$(l \evaluate r) \in \mathcal {E}$


$l$


$(l \refine r) \in \mathcal {R}$


$l$


$r$


$M :\overline {a}\to b \in \FM (l)$


$l[M \mapsto \overline {x}.\hole ] \in \Ectx $


$r[M \mapsto \overline {x}.\hole ] \in \Ectx $


$\keyw {map}(V,M) \lappend \keyw {map}(V,N) \To \keyw {map}(V,M \lappend N)$


$\keyw {map}$


$(\RR ,{\mathcal {E}})$


$(t_1,s,t_2)$


$(\RR ,{\mathcal {E}})$


$s \refine t_1$


$p \in \Pos (s)$


$(l \To r) \in \mathcal {R}$


$\valid \theta $


$s|_p = l\theta $


$t_1 = s[r\theta ]_p$


$s[\Box ]_p \in \CZ $


$(\RR ,{\mathcal {E}})$


$(t_1,s,t_2)$


$p$


$|p| = 0$


$p = \empseq $


$s = l\theta $


$t_1 = r\theta $


$l\theta \evaluate t_2$


$p' \in \Pos (l\theta )$


$(l' \to r') \in \mathcal {E}$


$\valid \theta '$


$(l\theta )|_{p'} = l'\theta '$


$t_2 = (l\theta )[r'\theta ']_{p'}$


$(l\theta )[\Box ]_{p'} \in \Ectx $


$(\RR ,{\mathcal {E}})$


$P = (r\theta , l\theta , (l\theta )[r'\theta ']_{p'})$


$p' = \empseq $


$l \To r$


$l \to r$


$r\theta = r'\theta '$


$(\RR ,{\mathcal {E}})$


$P$


$(l\theta )[\Box ]_{p'} \in \Ectx $


$p'$


$p'$


$l\theta $


$p'$


$l$


$l$


$l'$


$\subterm {l}{p'}$


$(\subterm {l}{p'})\theta = \subterm {(l\theta )}{p'} = l'\theta '$


$\subterm {l}{p'}$


$l'\sigma $


$\sigma $


$(\RR ,{\mathcal {E}})$


$P$


$(\RR ,{\mathcal {E}})$


$q_1,q_2$


$N$


$\seq {y}$


$q_1 \in \Pos (l)$


$l|_{q_1} = N[\seq {y}]$


$q_2 \in \Pos ((N[\seq {y}])\theta )$


$p' = q_1q_2$


$(l\theta )[\Box ]_{p'} \in \Ectx $


$l[\Box ]_{q_1}, (N[\seq {y}])\theta [\Box ]_{q_2} \in \Ectx $


$(N[\seq {y}])\theta \not \in \NF (\toE )$


$N$


$N$


$l$


$r$


$N$


$r$


$(\RR ,{\mathcal {E}})$


$P$


$l \To r$


$t_2$


$N$


$r$


$l' \to r'$


$t_1$


$l \To r$


$t_2$


$(\RR ,{\mathcal {E}})$


$P$


$|p| > 0$


$p = ip_t$


$i$


$p_t$


$s = f(\seq {x_1}.u_1,\ldots ,\seq {x_i}.u_i,\ldots ,\seq {x_k}.u_k)$


$s = M[u_1,\ldots ,u_i,\ldots ,u_k]$


$l\theta = u_i|_{p_t}$


$(\RR ,{\mathcal {E}})$


\begin {equation*}P' = (f(\seq {x_1}.u_1,\ldots ,\seq {x_i}.u_i[r\theta ]_{p_t},\ldots ,\seq {x_k}.u_k), f(\seq {x_1}.u_1,\ldots ,\seq {x_i}.u_i,\ldots ,\seq {x_l}.u_l), t_2).\end {equation*}


$s \evaluate t_2$


$p' \in \Pos (s)$


$(l' \to r') \in \mathcal {E}$


$\valid \theta '$


$s|_{p'} = l'\theta '$


$t_2 = s[r'\theta ']_{p'}$


$s[\Box ]_{p'} \in \Ectx $


$p' \in \Pos (s)$


$p' = \empseq $


$s = l'\theta '$


$t_2 = r'\theta '$


$p$


$l'$


$l$


$l'$


$\subterm {l'}{p}$


$(\subterm {l'}{p})\theta ' = \subterm {(l'\theta ')}{p} = l\theta $


$\subterm {l'}{p}$


$l\sigma $


$\sigma $


$(\RR ,{\mathcal {E}})$


$P'$


$({\mathcal {E}},\RR )$


$q_1,q_2$


$M$


$q_1 \in \Pos (l')$


$l'|_{q_1} = M[\seq {y}]$


$q_2 \in \Pos (M[\seq {y}]\theta ')$


$p = q_1q_2$


$M$


$l'$


$l' \to r'$


$t_1$


$\theta '$


$l \To r$


$t_2$


$M$


$r'$


$l' \to r'$


$l \To r$


$(\RR ,{\mathcal {E}})$


$P'$


$p' \neq \empseq $


$p' = i'p'_t$


$i'$


$p'_t$


$i' = i$


$(\RR ,{\mathcal {E}})$


$Q = (u_i[r\theta ]_{p_t}, u_i, u_i[r'\theta ']_{p'_t})$


$f(\ldots ,\seq {x_i}.u_i[\Box ]_{p_t},\ldots ) \in \Ectx $


$f(\ldots ,\seq {x_i}.\Box ,\ldots ) \in \Ectx $


$(\RR ,{\mathcal {E}})$


$Q$


$(\RR ,{\mathcal {E}})$


$P'$


$i' \neq i$


$i' < i$


$(\RR ,{\mathcal {E}})$


\begin {align*}P' = &(f(\ldots ,\seq {x_{i'}}.u_{i'},\ldots ,\seq {x_i}.u_i[r\theta ]_{p_t},\ldots ), f(\ldots ,\seq {x_{i'}}.u_{i'},\ldots ,\seq {x_i}.u_i,\ldots ), \\ &\quad f(\ldots ,\seq {x_{i'}}.u_{i'}[r'\theta ']_{p'_t},\ldots ,\seq {x_i}.u_i,\ldots ))\end {align*}


$f(\ldots ,\seq {x_{i'}}.u_{i'}[r'\theta ']_{p'_t},\ldots ,\seq {x_i}.u_i[r\theta ]_{p_t},\ldots )$


$(\RR ,{\mathcal {E}})$


\begin {equation*}P' = (M[u_1,\ldots ,u_i[r\theta ]_{p_t},\ldots ,u_k], M[u_1,\ldots ,u_i,\ldots ,u_l], t_2).\end {equation*}


$s \evaluate t_2$


$p' \in \Pos (s)$


$(l' \to r') \in \mathcal {E}$


$\valid \theta '$


$s|_{p'} = l'\theta '$


$t_2 = s[r'\theta ']_{p'}$


$s[\Box ]_{p'} \in \Ectx $


$p' \in \Pos (s)$


$p' = \empseq $


$M[u_1,\ldots ,u_k] = l'\theta '$


$l'$


$p' \neq \empseq $


$(\RR ,{\mathcal {E}})$


\begin {equation*}P' = (f(\seq {x_1}.u_1,\ldots ,\seq {x_i}.u_i[r\theta ]_{p_t},\ldots ,\seq {x_k}.u_k), f(\seq {x_1}.u_1,\ldots ,\seq {x_i}.u_i,\ldots ,\seq {x_l}.u_l), t_2).\end {equation*}


$\ECBV $


$\ELamML $


$\EHandler $


$\lambda (x.V@x) \To V$


$\ValEq $


$E \in \Ectx $


$\ECBV $


$\ELamML $


$\to $


$\To $


$\EHandler $


$\keyw {op}_i$


$i \in [2]$


$\to $


$\To $


$h_0 \syeq \keyw {handler}_0(x.P[x])$


$\RR $


$\mathcal {E}$


$\ECBNeed $


$r$


$x$


$x$


$r[\Box ]_p \in \Ectx $


$p$


$x$


$r$


$\keyw {let}(M, x.N)$


$N$


$x$


$\ECBNeed $


$\RR $


$\ECBNeed $


$\mathcal {E}$


$F$


$F$


$t = F(t)$


$t$


$\mathcal {R}$


$t \to _\RR F(t)$


$t$


$t$


$t$


$(\TySig ,\Sigma ,\TES ,\Ectx ,\Sclass )$


$\Ectx = \Ctx $


$\mathcal {E}$


$\mathcal {E}$


$\Val = \NF (\toE )$


$\toE $


\begin {equation*}E ::= \hole \mid f(E,t_2,\ooo ,t_n) \mid f(V,E,t_2,\ooo ,t_n) \mid f(V,\ooo ,V,E) \mid \ccc \end {equation*}


$\mathcal {E}$


$\mathcal {E}$


\begin {align*}f(c) &\to 0 &&\text {(1)}\\ f(g(x)) &\to 1 &&\text {(2)}\\ g(a) &\to c &&\text {(3)}\end {align*}


\begin {equation*}f(\underline {g(a)}) \toE \underline {f(c)} \toE 0\end {equation*}


$f(\hole )$


\begin {equation*}\text {\scriptsize {(RuleSub)}} \frac {f(g(x)) \to 1 \in {\mathcal {E}} \quad \valid \; [x \mapsto a]} {f(g(a)) \toE 1}\end {equation*}


$(\Sigma ,\RR )$


$\Sigma =\set {0,s,+,g,h}$


$g,h$


\begin {equation*}\RR = \set {0 + y \to y,\; s(x) + y \to s(x+y),\; g \to h}.\end {equation*}


$0 + g \to _\RR 0 + h \to _\RR h$


${\mathcal {E}}_{\text {cbv}}$


$\Sigma $


\begin {align*}\textbf {Values\ } &V ::= 0 \mid s(V)\qquad \textbf {Evaluation contexts\ } E ::= \hole \mid E + t \mid V + E\end {align*}


${\mathcal {E}}_{\text {cbv}} \deq \RR $


$x,y$


$0 + g \toE 0 + h$


$0 + h$


$y$


$h$


$F$


$0+h$


$\RR $


$(\Sigma ,\RR ,\mu )$


$\Sigma $


$\RR $


$(l \To r) \in \RR $


$l$


$\FV (l) \supseteq \FV (r)$


$\mu $


$(f:n) \in \Sigma $


$\mu (f) \subseteq [n]$


$\mu $


$\Pos ^\mu (t)$


$t$


\begin {align*}\Pos ^\mu (x) = \{\epsilon \}, \quad \Pos ^\mu (f(t_1,\ldots ,t_n)) = \{\epsilon \} \cup \bigcup _{i \in \mu (f)}i.\Pos ^\mu (t_i).\end {align*}


$(\Sigma ,\RR ,\mu )$


$\hookrightarrow _{\RR ,\mu }$


\begin {equation*}\frac {\subst \theta \ \ (l \To r) \in \RR \ \ p \in \Pos ^\mu (t) \ \ \subterm {t}{p} = l\theta \ \ u = t[r\theta ]_p}{t \hookrightarrow _{\RR ,\mu } u}\end {equation*}


$l \To r$


$p$


$p$


$p \in \Pos ^\mu (t)$


$(\Sigma ,\RR ,\mu )$


$(\Sigma ,{\mathcal {E}},\Ectx ,\Val )$


${\mathcal {E}} = \{ l \to r \mid (l \To r) \in \RR \}$


$\Sigma _{active} = \{ f \in \Sigma \mid \exists (l \to r) \in {\mathcal {E}}.\, \exists t_1,\ldots ,t_n \in \TX .\, l = f(t_1,\ldots ,t_n) \}$


$\Sigma _{passive} = \Sigma \backslash \Sigma _{active}$


$\Ectx $


$\Val $


\begin {align*}\frac {}{\Box \in \Ectx } \quad \frac {(f:n) \in \Sigma \quad n > 0 \quad i \in \mu (f) \quad E \in \Ectx \quad \{t_j \in \TX \}_{j \in [n]\backslash \{i\}}}{f(t_1,\ldots ,t_{i-1},E,t_{i+1},\ldots ,t_n) \in \Ectx } \\ \frac {(f:n) \in \Sigma _{passive} \quad \{t_j \in \Val \}_{j \in \mu (f)} \quad \{t_j \in \TX \}_{j \in [n]\backslash \mu (f)}}{f(t_1,\ldots ,t_n) \in \Val }\end {align*}


$\toE $


$(\Sigma ,\RR ,\mu )$


$(\Sigma ,{\mathcal {E}},\Ectx ,\Val )$


\begin {equation*}t \hookrightarrow _{\RR ,\mu } u \;\iff \; t \toE u\end {equation*}


$\Leftarrow $


$(l \to r) \in {\mathcal {E}}$


$E \in \Ectx $


$\subst \theta $


$t = E[l\theta ]$


$u = E[r\theta ]$


$p$


$\Box $


$E$


$\Ectx $


$p \in \Pos ^\mu (E[l\theta ])$


$\Rightarrow $


$(l \to r) \in {\mathcal {E}}$


$\subst \theta $


$p \in \Pos ^\mu (t)$


$\subterm {t}{p} = l\theta $


$u = t[r\theta ]_p$


$p$


$t[\Box ]_p \in \Ectx $


$\mu (\keyw {if}) = \{1\}$


$t$


$\keyw {if}(t,s_1,s_2)$


$E ::= \Box \mid \keyw {if}(E,s_1,s_2)$


$\mu (+) = \{1,2\}$


\begin {equation*}E ::= \Box \mid E + t \mid t + E.\end {equation*}


$\toE $


$(1+2)+(3+4) \toE 3+(3+4)$


$(1+2)+(3+4) \toE (1+2)+7$


\begin {equation*}E ::= \Box \mid E + t \mid v + E\end {equation*}


$v$


$(1+2)+(3+4) \toE 3+(3+4)$


$(1+2)+(3+4) \toE (1+2)+7$


$1+2$


$(1+2)+\Box $


${\mathcal {E}}_{\text {cbv}}$


$\LamML $


$M \sqsubseteq N$


$C[M]$


$C[N]$


$(E,R)$


$R$


$E$
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Here, 𝜃 is a substitution, and evaluation contexts 𝐸 ∈ 𝐸𝑐𝑡𝑥 restrict where evaluation rules may be applied, typically enforcing a 
deterministic evaluation order, while refinement rules are applicable under any context 𝐶 ∈ 𝐶𝑡𝑥 and model compile-time program 
transformations.

When refinement is intended to preserve or improve the behaviour of programs, it must be validated with respect to evaluation. 
In this paper, we address this validation problem using the quantitative notion of contextual improvement introduced by Sands [1,2]. 
Contextual improvement not only requires preservation of observable results, but also guarantees that the number of evaluation steps 
is not increased by refinement.

Our main contribution is a rewriting-theoretic proof methodology for establishing contextual improvement. The central concept of 
this methodology is local coherence, a sufficient condition that enables local reasoning about the interaction between evaluation and 
refinement. We show that local coherence can be systematically analysed using critical pair analysis, thereby providing a concrete 
and effective method for proving contextual improvement.

To formulate this methodology precisely, we introduce the frameworks of Term Evaluation Systems (TES) and Term Evaluation and 
Refinement Systems (TERS). These frameworks make evaluation contexts, refinement rules, and values explicit, and allow evaluation 
and refinement to be treated within a uniform rewriting-theoretic setting. The role of TES and TERS in this work is not to propose a 
new rewriting paradigm, but to provide a formal foundation for the analysis of contextual improvement.

The development proceeds stepwise. We first present a first-order setting to isolate the core ideas and proof techniques. We then 
extend the framework to a simply-typed second-order setting, where genuinely new technical issues arise due to variable binding, 
metavariables, and second-order critical pairs. This extension demonstrates that the proposed methodology scales to typed second-
order abstract syntax, while keeping the focus on contextual improvement rather than on the expressiveness of the type system 
itself.

1.1.  Overview

First we provide an overview of the new frameworks of Term Evaluation Systems (TES) and Term Evaluation and Refinement Systems 
(TERS) we formulate in this paper, using examples to illustrate their structure. We also demonstrate our main result: a method for 
deriving contextual improvement through local coherence.

The standard left-to-right call-by-value lambda-calculus is a TES. Terms 𝑡, 𝑡′ including values 𝑣 are defined as below, and the 
call-by-value evaluation strategy is specified using evaluation contexts 𝐸 and one evaluation rule →: 

𝑣 ∶∶= 𝜆𝑥.𝑡 𝑡, 𝑡′ ∶∶= 𝑥 ∣ 𝑣 ∣ 𝑡 𝑡′ 𝐸 ∶∶= □ ∣ 𝐸 𝑡 ∣ 𝑣 𝐸 (𝜆𝑥.𝑡) 𝑣 → 𝑡[𝑣∕𝑥].

Values 𝑣 appearing in this specification play a significant role. The definition of evaluation contexts notably includes the clause 𝑣 𝐸
where the left sub-term 𝑣 is restricted to values. This ensures the left-to-right evaluation of application 𝑡 𝑡′; the right sub-term 𝑡′ can 
be evaluated only after the left sub-term 𝑡 has been evaluated to a value. Additionally, the redex (𝜆𝑥.𝑡) 𝑣 restricts the right sub-term 
𝑣 to values. This ensures the call-by-value evaluation of application.

A simplified computational lambda-calculus 𝜆𝑚𝑙∗ [3] is a TERS. Its terms are either values 𝑣, 𝑣′ or computations 𝑝, 𝑝′, and its 
evaluation (which has been studied [4]) is specified using evaluation contexts 𝐸 and two evaluation rules →:

𝑣, 𝑣′ ∶∶= 𝑥 ∣ 𝜆𝑥.𝑝 𝑝, 𝑝′ ∶∶= return(𝑣) ∣ let 𝑥 = 𝑝 in 𝑝′ ∣ 𝑣 𝑣′ 𝐸 ∶∶= □ ∣ let 𝑥 = 𝐸 in 𝑝

(𝜆𝑥.𝑝) 𝑣 → 𝑝[𝑣∕𝑥] let 𝑥 = return(𝑣) in 𝑝 → 𝑝[𝑣∕𝑥].

We can observe that evaluation contexts constrain where evaluation rules can be applied, namely in the sub-term 𝑝 of let 𝑥 = 𝑝 in 𝑝′. 
Again, values in evaluation rules assure the call-by-value evaluation of application and let-binding.

Originally, the calculus 𝜆𝑚𝑙∗ is specified by equations rather than evaluation. Directed equations can be seen as the following five 
refinement rules ⇒:

(𝜆𝑥.𝑝) 𝑣 ⇒ 𝑝[𝑣∕𝑥] let𝑥 = return(𝑣) in𝑝 ⇒ 𝑝[𝑣∕𝑥]

𝜆𝑥.𝑣 𝑥 ⇒ 𝑣(𝑥is not free in𝑣) let𝑥 = 𝑝 inreturn(𝑥) ⇒ 𝑝

let 𝑥1 = (let 𝑥2 = 𝑝2 in 𝑝1) in 𝑝3 ⇒ let 𝑥2 = 𝑝2 in let 𝑥1 = 𝑝1 in 𝑝3.

While the first two rules represent 𝛽-conversion, the third one represents 𝜂-conversion. The fourth one removes the trivial let-binding, 
and the last one flattens let-bindings. We can observe that the last three rules simplify terms.

We now have a TERS of 𝜆𝑚𝑙∗ that has both evaluation and refinement. We are now interested in whether refinement is valid with 
respect to evaluation. Our goal here is namely to prove contextual improvement: that is, for any refinement 𝑡 ⇒ 𝑢 and any context 
𝐶 ∈ 𝐶𝑡𝑥, if the evaluation of 𝐶[𝑡] terminates, then the evaluation of 𝐶[𝑢] terminates with no more evaluation steps.

To prove contextual improvement, we would need to analyse how each evaluation step interferes with the refinement 𝑡 ⇒ 𝑢. 
This amounts to analysing how each evaluation rule 𝑙 → 𝑟 can conflict with each refinement rule 𝑙′ ⇒ 𝑟′. This is exactly what critical 
pair analysis is targeted at.

Critical pair analysis is usually for proving local confluence, which is a fundamental property of term rewriting. It firstly enumerates 
the situation where two rewrite rules conflict with each other. It then checks if the two conflicting rewritings can be joined. This is 
illustrated in Fig. 1 (left), where the joining part is depicted in dashed arrows, and ‘∗’ means an arbitrary number of rewriting steps.
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Fig. 1. Joinability for local confluence, commutation and local coherence.

In our development, we exploit critical pair analysis for proving contextual improvement, and more specifically for proving local 
coherence. The analysis is targeted at conflicts between evaluation → and refinement ⇒. We analyse if these conflicts can be joined
using evaluation and refinement; see Fig. 1 (right). To ensure improvement, our notion of local coherence asserts that the joining 
part satisfies the inequality 1 + 𝑘 ≥ 𝑛 about the number of evaluation steps.

To prove the joinability for local coherence, we need to be careful with evaluation contexts. We need to show that the 1 + 𝑘

evaluation steps 𝐸[𝑙𝜃] → 𝐸[𝑟𝜃]
𝑘
→ 𝑢 can be simulated by the 𝑛 evaluation steps 𝑠 𝑛

→ 𝑠′. Naively, this can be done by showing that 
the evaluation rule 𝑙 → 𝑟 can also be applied to the term 𝑠. This, however, involves making sure that the rule 𝑙 → 𝑟 can be applied 
inside an evaluation context. This is not a trivial issue; the evaluation context 𝐸 might be modified by the refinement 𝐸[𝑙𝜃] ⇒ 𝑠. The 
refinement should not turn an evaluation context into a non-evaluation context (see Definition 2.9 ((ii))).

Note that local coherence can be seen as a generalisation of commutation [5]; see Fig. 1 (middle). Commutation is the case where 
𝑘 = 0, 𝑛 = 1, and allowing only one step of refinement ⇒ instead of ∗⇒.

1.2.  Contributions

The contributions of this paper can be summarised as follows.

1. We introduce the frameworks of Term Evaluation Systems (TESs) and Term Evaluation and Refinement Systems (TERSs), which 
make the distinction between evaluation and refinement explicit and provide a uniform rewriting-theoretic setting for reasoning 
about their interaction.

2. We identify local coherence as a sufficient condition for contextual improvement, thereby providing a clear and modular criterion 
for validating refinement with respect to evaluation.

3. We show that local coherence can be established by critical pair analysis, yielding a concrete and systematic proof methodology 
for contextual improvement.

4. We develop the theory both in a first-order setting and in a simply-typed second-order setting. The first-order setting isolates the 
core ideas, while the second-order setting addresses additional technical challenges arising from variable binding, metavariables, 
and higher-order critical pairs.

5. We demonstrate the applicability of the methodology through a variety of examples from functional programming, including 
calculi with effects and sharing, showing that contextual improvement can be verified in practice by local reasoning.

1.3.  Organisation

This paper is the fully reworked and extended version of the conference paper [6]. The paper is organised as follows.
Section 2 develops the theory of first-order Term Evaluation and Refinement Systems. This setting serves to introduce the core 

definitions and proof techniques in a simple form, closely related to standard first-order term rewriting.
Section 3 extends the framework to a simply-typed second-order setting. This extension incorporates variable binding, metavari-

ables, and types, and addresses the additional technical issues that arise in higher-order rewriting, including higher-order critical 
pairs. The main results on contextual improvement and local coherence continue to hold in this setting.

Section 4 presents a further example, namely the call-by-need lambda-calculus, illustrating how the methodology applies to calculi 
with sharing and non-trivial evaluation strategies.

Section 5 discusses the relationship between TES-based evaluation and existing approaches to rewriting strategies, including 
innermost and context-sensitive rewriting. The purpose of this section is to clarify the scope of the proposed framework rather than 
to provide an exhaustive comparison.

Finally, Sections 6 and 7 discuss related work, conclusions, and directions for future research.

2.  First-order term evaluation and refinement systems

2.1.  Preliminaries

Let ℕ be the set of natural numbers. For any 𝑛 ∈ ℕ, let [𝑛] denote the set {1,… , 𝑛} (mind the starting point); for example, [0] = ∅, 
[1] = {1}, [2] = {1, 2}. We write 𝐴 for a sequence 𝐴1,… , 𝐴𝑛, and |𝐴| for its length (i.e. 𝑛). The empty sequence is denoted by 𝜖.
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Given a binary relation → on a set 𝑆, let ∗→ denote the reflexive and transitive closure of →. For any 𝑘 ∈ ℕ, 𝑘→ denotes the 𝑘-fold 
composition of →. An element 𝑥 ∈ 𝑆 is a normal form (with respect to →), if there exists no element 𝑥′ ∈ 𝑆 such that 𝑥 → 𝑥′. Let 
NF(→) denote the set of normal forms with respect to →.

2.2.  Evaluation and refinement

Let Σ be a signature. Each element 𝑓 ∈ Σ comes with an arity 𝑛 ∈ ℕ; we write 𝑓 ∶ 𝑛. (First-order) terms are defined by the grammar 
𝑡 ∶∶= 𝑥 ∣ 𝑓 (𝑡1,…, 𝑡𝑛) where 𝑥 is a variable and 𝑓 ∶ 𝑛. Let TΣV be the set of all terms. A term is closed if it has no occurrence of variables. 
A term is linear if no variable occurs more than once. The notation 𝐹𝑉 (𝑡) denotes the set of all variables occurring in a term 𝑡.

A position of a term is given by a (possibly empty) sequence of positive numbers, in the usual manner. Concatenation of sequences 
𝑝, 𝑞 is denoted by 𝑝𝑞 or 𝑝.𝑞. Let os(𝑡) be the set of all positions in a term 𝑡. We write 𝑠[𝑡]𝑝 for the term that is obtained by replacing 
the sub-term of 𝑠 at the position 𝑝 with 𝑡. We write 𝑠|𝑝 for the sub-term of 𝑠 at the position 𝑝.

A substitution 𝜃 is given by a sequence {𝑥1 ↦ 𝑡1,… , 𝑥𝑘 ↦ 𝑡𝑘} where 𝑥1,… , 𝑥𝑘 are distinct variables. We write 𝗌𝗎𝖻𝗌𝗍 𝜃 when 𝜃 is a 
substitution. Let 𝑡𝜃 denote the term where all occurrences of 𝑥1,… , 𝑥𝑘 in 𝑡 are replaced by 𝑡1,… , 𝑡𝑘, respectively. We call 𝑡𝜃 an instance
of 𝑡.

A context is a term that involves exactly one hole □. Let 𝐶𝑡𝑥 be the set of contexts. Let 𝐶[𝑡] denote the term where the hole □
of 𝐶 ∈ 𝐶𝑡𝑥 is replaced by 𝑡. A set  of contexts is closed under substitutions if 𝐶 ∈  implies 𝐶𝜃 ∈  for any 𝗌𝗎𝖻𝗌𝗍 𝜃, and closed under 
composition if 𝐶,𝐶 ′ ∈  implies 𝐶[𝐶 ′] ∈ . The set  is inductive if any 𝐶 ∈  is □ or of the form 𝑓 (𝑡1,… , 𝑡𝑖−1, 𝐶 ′, 𝑡𝑖+1,… , 𝑡𝑛) such that 
𝐶 ′ ∈  and 𝑓 (𝑡1𝜃,… , 𝑡𝑖−1𝜃,□, 𝑡𝑖+1𝜃,… , 𝑡𝑛𝜃) ∈  for any 𝗌𝗎𝖻𝗌𝗍 𝜃. Note that an inductive set of contexts is closed under substitutions and 
composition.

Term evaluation systems (TES) can now be defined, as the standard term rewriting with the new restriction imposed by means of 
evaluation contexts.
Definition 2.1  (TES). A term evaluation system is a tuple (Σ,  , 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙) consisting of

• a signature Σ,
• a set  of evaluation rules, where (𝑙 → 𝑟) ∈  with 𝑙, 𝑟 ∈ TΣV such that
(i) 𝑙 is not a variable, and
(ii) every free variable occurring in 𝑟 also occurs in 𝑙,

• a set 𝐸𝑐𝑡𝑥 ⊆ 𝐶𝑡𝑥 of evaluation contexts that is closed under substitutions, closed under composition and inductive, and
• a set 𝑉𝑎𝑙 ⊆ NF(→ ) of values that satisfies (i) 𝑣 ∈ 𝑉𝑎𝑙 implies 𝑣𝜃 ∈ 𝑉𝑎𝑙 for any 𝗌𝗎𝖻𝗌𝗍 𝜃, and (ii) it comes with an equivalence relation 

=𝑉𝑎𝑙 ⊆ 𝑉𝑎𝑙 × 𝑉𝑎𝑙, where:
• the evaluation relation → ⊆ TΣV × TΣV is defined as follows:

𝗌𝗎𝖻𝗌𝗍 𝜃 (𝑙 → 𝑟) ∈  𝐸 ∈ 𝐸𝑐𝑡𝑥
𝐸[𝑙𝜃] → 𝐸[𝑟𝜃]

Values specify which normal forms of →  are regarded as successful results. For example, in a TES for arithmetic, a term 𝑥 + 𝑦 is 
a normal form but it is not deemed a successful result. The equivalence relation =𝑉𝑎𝑙 specifies observations of these results in terms 
of equivalence classes. For example, when the syntactic equality ≡ is used, each value 𝑣 ∈ 𝑉𝑎𝑙 becomes a distinct observation. On 
the other hand, when the total relation ⊤ is used, values are all identified; this means that successful termination is the only possible 
observation.

The evaluation relation →  is closed under evaluation contexts in 𝐸𝑐𝑡𝑥 and under substitutions, thanks to 𝐸𝑐𝑡𝑥 being inductive.
Each TES can be equipped with refinement, which resembles general, unrestricted, term rewriting.

Definition 2.2  (TERS). A term evaluation and refinement system is a tuple (Σ,  ,, 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙) consisting of

• a TES (Σ,  , 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙), and
• a set  of refinement rules where (𝑙 ⇒ 𝑟) ∈  with 𝑙, 𝑟 ∈ TΣV such that
(i) 𝑙 is not a variable, and
(ii) every free variable occurring in 𝑟 also occurs in 𝑙.

The refinement relation ⇒ ⊆ TΣV × TΣV is defined as follows:
𝗌𝗎𝖻𝗌𝗍 𝜃 (𝑙 ⇒ 𝑟) ∈  𝐶 ∈ 𝐶𝑡𝑥

𝐶[𝑙𝜃] ⇒ 𝐶[𝑟𝜃]

We often simply write a TES as ( , 𝑉𝑎𝑙) and a TERS as ( ,, 𝑉𝑎𝑙). The refinement relation ⇒ is closed under substitutions, and 
closed under arbitrary contexts in 𝐶𝑡𝑥.

For an evaluation rule 𝑙 → 𝑟 or a refinement rule 𝑙 ⇒ 𝑟, we refer to 𝑙 as “lhs” and 𝑟 as “rhs”.
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Example 2.1  (List append). We define a TERS Append as follows.
Signature Σ []∶ 0, (∶)∶ 2, (++)∶ 2

Values 𝑉𝑎𝑙 𝑉 ∶∶= [] ∣ 𝑉 ∶ 𝑉  with =𝑉𝑎𝑙  defined by [] =𝑉𝑎𝑙 []
𝑉1 =𝑉𝑎𝑙 𝑉 ′

1 𝑉2 =𝑉𝑎𝑙 𝑉 ′
2

𝑉1 ∶ 𝑉2 =𝑉𝑎𝑙 𝑉 ′
1 ∶ 𝑉 ′

2

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ 𝐸++𝑡 ∣ 𝐸 ∶ 𝑡 ∣ 𝑉 ∶ 𝐸

Evaluation rules  Refinement rules 
[]++𝑦𝑠 → 𝑦𝑠 (𝑥𝑠++𝑦𝑠)++𝑧𝑠 ⇒ 𝑥𝑠++(𝑦𝑠++𝑧𝑠)

(𝑥 ∶ 𝑥𝑠)++𝑦𝑠 → 𝑥 ∶ (𝑥𝑠++𝑦𝑠) 𝑥𝑠++[] ⇒ 𝑥𝑠

This defines a well-known append function on strict lists with associativity as a refinement rule. Equations that naturally hold for 
lists can be considered as candidates for refinement rules.

2.3.  Joinability and improvement

Evaluation is constrained by means of evaluation contexts, usually to have the evaluation relation →  deterministic. Bridging the 
gap between evaluation and refinement, we are interested in joinability up to  defined as follows. The joinability is quantitative with 
an extra constraint on the number of evaluation steps.
Definition 2.3  (Peaks, joinability). 

• An -peak is given by a triple (𝑠1, 𝑡, 𝑠2) such that 𝑡 → 𝑠1 and 𝑡 → 𝑠2.
• An (, )-peak is given by a triple (𝑠1, 𝑡, 𝑠2) such that 𝑡 ⇒ 𝑠1 and 𝑡 → 𝑠2.
• An -peak (𝑠1, 𝑡, 𝑠2) is trivial if 𝑠1 ≡ 𝑠2 holds.
• An (, )-peak (𝑠1, 𝑡, 𝑠2) is joinable up to  if there exist 𝑘, 𝑛 ∈ ℕ and 𝑢1, 𝑢2 such that 𝑠1

𝑚
→ 𝑢1, 𝑠2

𝑘
→ 𝑢2, 1 + 𝑘 ≥ 𝑚 and 𝑢2

∗
⇒ 𝑢1.

Definition 2.4  (Rewriting properties). 
• A set  of evaluation rules is deterministic if every -peak is trivial.
• A TERS ( ,, 𝑉𝑎𝑙) is locally coherent if every (, )-peak is joinable up to .

We also simply say an (, )-peak is joinable, omitting “up to ”.
We formalise the key concept that relates evaluation with refinement in TERS. It is called (contextual) improvement [1]: that 

is, any refinement 𝑡 ⇒ 𝑠 cannot be distinguished by evaluation →  inside any contexts, and the refinement cannot increase the 
number of evaluation steps that are needed for termination. Observation is made according to the set 𝑉𝑎𝑙 of values and its associated 
equivalence relation =𝑉𝑎𝑙.

Definition 2.5  (Value-invariance, improvement). 
• A TERS ( ,, 𝑉𝑎𝑙) is value-invariant if, for any 𝑣 ∈ 𝑉𝑎𝑙 and 𝑠 ∈ TΣV,

𝑣 ⇒ 𝑠 implies 𝑣 =𝑉𝑎𝑙 𝑠 ∈ 𝑉𝑎𝑙.

• For a TERS ( ,, 𝑉𝑎𝑙),  is an improvement w.r.t.  if, for any 𝑘 ∈ ℕ, 𝑣 ∈ 𝑉𝑎𝑙, 𝑡 ⇒ 𝑠 and any 𝐶 ∈ 𝐶𝑡𝑥 such that 𝐶[𝑡], 𝐶[𝑠] are 
closed terms,

𝐶[𝑡]
𝑘
→ 𝑣 implies 𝐶[𝑠]

𝑚
→ 𝑣′

for some 𝑚 ∈ ℕ and 𝑣′ ∈ 𝑉𝑎𝑙 such that 𝑣 =𝑉𝑎𝑙 𝑣′ and 𝑘 ≥ 𝑚.

An example of non-local coherent TERS is given simply by  = {𝑓 (𝑥) → 1},  = {𝑓 (𝑥) ⇒ 0} because an (,)-peak (0, 𝑓 (𝑥), 1)
cannot be joinable. Moreover,  is not a contextual improvement.

Directly proving improvement is challenging due to the universal quantification over all contexts. Our first main theorem addresses 
this challenge by providing a sufficient condition for improvement in TERSs, based on rewriting theory.
Theorem 2.1  (Sufficient condition for improvement: first-order ver). Let ( ,, 𝑉𝑎𝑙) be a TERS. If  is deterministic, and ( ,, 𝑉𝑎𝑙) is 
value-invariant and locally coherent, then the set  of refinement rules is an improvement w.r.t. the set  of evaluation rules. 

Proof.  We define a predicate 𝑃 (𝑘) ≜ ( if 𝑡 ⇒ 𝑢 and 𝑡 𝑘
→ 𝑣 ∈ 𝑉𝑎𝑙 then there exists 𝑚, 𝑣′ such that 𝑢 𝑚

→ 𝑣′ ∈ 𝑉𝑎𝑙, 𝑣 =𝑉𝑎𝑙 𝑣′ and 𝑘 ≥ 𝑚 ).
We firstly prove that for any 𝑡, 𝑢 ∈ TΣV, 𝑘 ∈ ℕ, 𝑃 (𝑘) holds by induction on 𝑘. The situation is depicted as follows:
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• Base case. When 𝑘 = 0, we have 𝑡 = 𝑣. Because the TERS ( ,) is value-invariant, we have 𝑢 ∈ 𝑉𝑎𝑙 and 𝑣 =𝑉𝑎𝑙 𝑢. We can take 𝑚 = 0.
• Inductive case. When 𝑘 > 0, there exists 𝑡′ ∈ TΣV such that 𝑡 → 𝑡′

𝑘−1
→  𝑣. Because the TERS ( ,) is locally coherent, the (, )-

peak (𝑢, 𝑡, 𝑡′) is joinable up to ; namely there exist 𝑡′′, 𝑢′ ∈ TΣV and 𝑖, 𝑞, 𝑛 ∈ ℕ such that 𝑡′ 𝑖
→ 𝑡′′, 𝑢 𝑛

→ 𝑢′, 𝑡′′ 𝑞
⇒ 𝑢′ and 1 + 𝑖 ≥ 𝑛. 

Because the TERS ( ,) is deterministic, 𝑡′′ must appear in the sequence 𝑡′ 𝑘−1
→  𝑣, and hence 𝑡 → 𝑡′

𝑖
→ 𝑡′′

𝑘−𝑖−1
→  𝑣. We define a 

predicate 𝑄(𝑞) ≜  (if 𝑡′′ 𝑞
⇒ 𝑢′ and 𝑡′′ 𝑘−𝑖−1

→  𝑣 ∈ 𝑉𝑎𝑙 then there exist 𝑛′, 𝑣′ such that 𝑢′ 𝑛′
→ 𝑣′ ∈ 𝑉𝑎𝑙, 𝑣 =𝑉𝑎𝑙 𝑣′ and 𝑘 − 𝑖 − 1 ≥ 𝑛′).

We prove that for any 𝑞 ∈ ℕ, 𝑄(𝑞) holds by induction on 𝑞. The situation is depicted as follows:

– Base case. When 𝑞 = 0, 𝑡′′ = 𝑢′. We can take 𝑛′ = 𝑘 − 𝑖 − 1 and 𝑣′ = 𝑣. Since 1 + 𝑖 ≥ 𝑛, we have 𝑘 ≥ 𝑛 + 𝑛′.

– Inductive case. When 𝑞 > 0, by the I.H. 𝑄(𝑞 − 1), we have 𝑢′′ 𝑛′′
→ 𝑣′′ such that 𝑣′′ =𝑉𝑎𝑙 𝑣 and 𝑘 − 𝑖 − 1 ≥ 𝑛′′. Therefore, 𝑘 ≥

𝑛′′ + 𝑖 + 1 ≥ 𝑛′′. We have 𝑡′′ 𝑞−1
⇒ 𝑢′′ ⇒ 𝑢′ for some 𝑢′′ ∈ TΣV. Therefore, we can apply the I.H. 𝑃 (𝑛′′) of the outer induction. 

There exist 𝑛′, 𝑣′ such that 𝑢′ 𝑛′
→ 𝑣′ ∈ 𝑉𝑎𝑙, 𝑘 − 𝑖 − 1 ≥ 𝑛′′ ≥ 𝑛′, 𝑣′′ =𝑉𝑎𝑙 𝑣′, namely

By 1 + 𝑖 ≥ 𝑛 and 𝑘 ≥ 𝑛′′ + 𝑖 + 1, we finally have 𝑘 ≥ 𝑛′′ + 𝑛 ≥ 𝑛′ + 𝑛.

As a result, we have 𝑢 𝑛+𝑛′
→  𝑣′ such that 𝑣 =𝑉𝑎𝑙 𝑣′ and 𝑘 ≥ 𝑛 + 𝑛′. We can take 𝑚 = 𝑛 + 𝑛′.

Since ⇒ is closed under any contexts, 𝑡 ⇒ 𝑢 implies 𝐶[𝑡] ⇒ 𝐶[𝑢] for any 𝐶 ∈ 𝐶𝑡𝑥. Therefore, 𝑡 ⇒ 𝑢 and 𝐶[𝑡]
𝑘
→ 𝑣 imply 

𝐶[𝑢]
𝑚
→ 𝑣′ such that 𝑘 ≥ 𝑚 and 𝑣 =𝑉𝑎𝑙 𝑣′, for any 𝑣 ∈ 𝑉𝑎𝑙. ∎

This theorem requires proving determinism, value-invariance and local coherence. To establish determinism, a well-known syntac-
tic condition called orthogonality [7, Section 4] is particularly useful. A set of rules is orthogonal if there is no overlap between any two 
rules and the left-hand side of every rule is linear. Every orthogonal TERS is confluent. When  is orthogonal, proving determinism 
reduces to showing that each term can be uniquely decomposed into an evaluation context and a redex. Checking value-invariance is 
usually straightforward, because in many computational calculi, values are designed so that refinement rewriting cannot be applied 
to them. Finally, we will show that local coherence can be shown by the critical pair analysis in Section 2.4.

Example 2.2  (Append, continued). The TERS Append’s set  of evaluation rules in Example 2.1 is orthogonal. The evaluation 
contexts are defined to uniquely decompose a context and a redex. Therefore, it is deterministic. It is obviously value-invariant 
because any cons-list (i.e. term generated by (:) and []) cannot be rewritten by .

The following examples show another interesting aspect of refinement rules.

Example 2.3  (Ones). Let Ones be the TERS defined as follows.
Signature Σ (∶)∶ 2, nil, 1, ones∶ 0, ns∶ 1

Values 𝑉𝑎𝑙 𝑉 ∶∶= 1 ∣ 𝑉 ∶ 𝑡  with =𝑉𝑎𝑙  defined by 1 =𝑉𝑎𝑙 1
𝑉 =𝑉𝑎𝑙 𝑉 ′ 𝑡, 𝑡′ ∈ TΣV

𝑉 ∶ 𝑡 =𝑉𝑎𝑙 𝑉 ′ ∶ 𝑡′

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ ns(𝐸) ∣ 𝐸 ∶ 𝑡

Evaluation rules  Refinement rule 
ones → 1 ∶ ones ones ⇒ ns(1)

ns(𝑛) → 𝑛 ∶ ns(𝑛)

This defines lazy lists rather than the strict lists in Example 2.1. The refinement ones ⇒ ns(1) appears to represent a denotational 
semantic equivalence on infinite lists, i.e., the denotation of both sides is the infinite list of 1s [8]. We can take such rules as refinements 
and show that they indeed constitute an improvement. This refinement rule and its intent do not represent an equivalence of infinite 
lists, but rather a behavioural equivalence of ones and ns(1).
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In this sense, the notion of improvement is broader than that of inductive theorems [9], which is an equality on finite terms. It is 
closely related to equality on streams as discussed in [10]. Actually, examples in [10] can be formulated as TERSs and many of the 
examples can be shown to be contextual improvement by our method.
Example 2.4  (Divergence). Let Div be the TERS defined as follows.

Signature Σ Ω∶ 0, 0∶ 0

Values 𝑉𝑎𝑙 𝑉 ∶∶= 0  with =𝑉𝑎𝑙  defined by 0 =𝑉𝑎𝑙 0

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □

Evaluation rule  Refinement rule 
Ω → Ω Ω ⇒ 0

The refinement rule induces contextual improvement. This means that divergence (Ω) inside any context can be turned into a value.

2.4.  Critical pair analysis for local coherence

2.4.1.  Critical pairs
The definition of critical pairs is standard; it resembles the definition of critical pairs for commutation [5]. Note that critical pairs 

are generated by two kinds of overlaps, due to asymmetry of (, )-peaks.

Definition 2.6  (Unifiers). 

• A unifier between 𝑡 and 𝑢 is a substitution 𝜃 such that 𝑡𝜃 = 𝑢𝜃.
• A most general unifier between 𝑡 and 𝑢 is given by a unifier 𝜃 between 𝑡 and 𝑢 such that, for any unifier 𝜎 between 𝑡 and 𝑢, there 
exists a substitution 𝜎′ such that 𝜎 = 𝜃𝜎′.

We say that a rule 𝑙1 ⇾1 𝑟1 is a variant of a rule 𝑙2 ⇾2 𝑟2 if there exists an injective renaming 𝜌 of variables such that (𝑙1, 𝑟1) =
(𝑙2𝜌, 𝑟2𝜌).

Definition 2.7  (Overlaps). Let 1,2 ∈ {, }. Given rules (𝑙1 ⇾1 𝑟1) ∈ 1, (𝑙2 ⇾2 𝑟2) ∈ 2, a position 𝑝 of 𝑙1, and a substitution 𝜃, a 
quadruple (𝑙1 ⇾1 𝑟1, 𝑙2 ⇾2 𝑟2, 𝑝, 𝜃) is an (1,2)-overlap if it satisfies the following.

• The rules 𝑙1 ⇾1 𝑟1 and 𝑙2 ⇾2 𝑟2 do not have common variables.
• If 𝑝 = 𝜀, the rules 𝑙1 ⇾1 𝑟1 and 𝑙2 ⇾2 𝑟2 are not variants of each other.
• The sub-term 𝑙1|𝑝 is not a variable.
• The substitution 𝜃 is a most general unifier between 𝑙1|𝑝 and 𝑙2.

Definition 2.8  (Critical pairs). 

• The critical pair generated by an (, )-overlap (𝑙1 ⇒ 𝑟1, 𝑙2 → 𝑟2, 𝑝, 𝜃) is an (, )-peak (𝑟1𝜃, 𝑙1𝜃, (𝑙1𝜃)[𝑟2𝜃]𝑝).
• The critical pair generated by an ( ,)-overlap (𝑙1 → 𝑟1, 𝑙2 ⇒ 𝑟2, 𝑝, 𝜃) is an (, )-peak ((𝑙1𝜃)[𝑟2𝜃]𝑝, 𝑙1𝜃, 𝑟1𝜃).

Lemma 2.1. If a critical pair (𝑡1, 𝑠, 𝑡2) is joinable, then for any substitution 𝜃, (𝑡1𝜃, 𝑠𝜃, 𝑡2𝜃) is a joinable (, )-peak.

Proof.  We have a joinable (, )-peak (𝑡1, 𝑠, 𝑡2). Since refinement and evaluation are closed under substitutions, (𝑡1𝜃, 𝑠𝜃, 𝑡2𝜃) is also a 
joinable (, )-peak. ∎

2.4.2.  Critical pair theorem
To obtain the so-called critical pair theorem, we need to impose extra conditions on TERS that are summarized below.

Definition 2.9  (Well-behaved TERS). A TERS (Σ,  ,, 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙) is well-behaved if it satisfies the following.

(i) For any 𝐶1, 𝐶2 ∈ 𝐶𝑡𝑥, if 𝐶1[𝐶2] ∈ 𝐸𝑐𝑡𝑥 then 𝐶1, 𝐶2 ∈ 𝐸𝑐𝑡𝑥.
(ii) For any 𝐸 ∈ 𝐸𝑐𝑡𝑥 and 𝐶 ′ ∈ 𝐶𝑡𝑥, if 𝐸 ⇒ 𝐶 ′ then 𝐶 ′ ∈ 𝐸𝑐𝑡𝑥.
(iii) For any (𝑙 → 𝑟) ∈  , 𝑙 is linear.
(iv) For any (𝑙 ⇒ 𝑟) ∈ ,
(a) both 𝑙 and 𝑟 are linear, and
(b) for any 𝑥 ∈ 𝐹𝑉 (𝑙), if 𝑙{𝑥 ↦ □} ∈ 𝐸𝑐𝑡𝑥 then 𝑟{𝑥 ↦ □} ∈ 𝐸𝑐𝑡𝑥.

The condition (i) is typically satisfied by inductively-defined evaluation contexts. The condition (ii) was already discussed in 
Section 1.1. The other conditions are technical (see Remark 2.1 for some details), but these are straightforward to verify.
Theorem 2.2  (Critical pair theorem). A well-behaved TERS is locally coherent if and only if all its critical pairs are joinable. 
Proof.  The proof is deferred to the proof of the more general second-order version (Theorem 3.2). ∎
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Remark 2.1  (On linearity conditions). For a TERS to be well-behaved, its evaluation rules must be left-linear, and its refinement 
rules must be linear (see Definition 2.9). This is because non-linear variables can lead to non-joinable (, )-peaks that are caused by 
rule applications at parallel positions, and are hence not instances of a critical pair. Joining such peaks would require applications of 
evaluation rules at parallel positions, but some applications may fail, due to the restriction imposed by evaluation contexts.

These linearity conditions could potentially be relaxed for some sets of evaluation contexts, but here we observe that a reasonable 
set of evaluation contexts and values already requires the linearity conditions. Without the linearity conditions, the set indeed leads 
to non-joinable (, )-peaks that are not instances of a critical pair. Let a TERS 𝖲 be defined as follows.

Signature Σ +∶ 2, −∶ 2,
?
≡∶ 2, s∶ 1, 0∶ 0

Values 𝑉𝑎𝑙 𝑉 ∶∶= 0 ∣ s(𝑉 )  with =𝑉𝑎𝑙 defined by 0 =𝑉𝑎𝑙 0
𝑉 =𝑉𝑎𝑙 𝑉 ′

s(𝑉 ) =𝑉𝑎𝑙 s(𝑉 ′)

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ s(𝐸) ∣ 𝐸 + 𝑡 ∣ 𝐸 − 𝑡 ∣ 𝑣 − 𝐸

Evaluation rules  Refinement rule 
0 + 𝑥 → 𝑥 𝑥 − 𝑥 ⇒ 0

s(𝑥) + 𝑦 → s(𝑥 + 𝑦)

0 − 𝑥 → 0

s(𝑥) − s(𝑦) → 𝑥 − 𝑦

𝑥
?
≡ 𝑥 → 0

The non-left-linear refinement rule 𝑥 − 𝑥 ⇒ 0 induces the following non-joinable (, )-peak.

In the term s(𝑥 + 𝑦) − (s(𝑥) + 𝑦), the sub-term s(𝑥) + 𝑦 cannot be evaluated, because s(𝑥 + 𝑦) is not a value.
The non-left-linear evaluation rule 𝑥 ?

≡ 𝑥 → 0 induces the following non-joinable (, )-peak.

In the term s(𝑥 + 𝑦)
?
≡ (s(𝑥) + 𝑦), the sub-term s(𝑥) + 𝑦 cannot be evaluated, because s(𝑥 + 𝑦) is not a value.

2.4.3.  Examples
Example 2.5  (Append, continued). The TERS Append in Example 2.1 has the following two joinable critical pairs.

Because the TERS is well-behaved, it is locally coherent. By Theorem 2.1, we conclude that the refinement rule expressing the 
associativity of append is an improvement w.r.t. its evaluation.
Example 2.6  (Ones, continued). The TERS Ones in Example 2.3 has the following joinable critical pair.

The TERS is well-behaved, and hence it is locally coherent. Because it is deterministic and value-invariant, by Theorem 2.1, the 
refinement rule ones ⇒ ns(1) is an improvement.
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Example 2.7  (Divergence, continued). The TERS Div in Example 2.4 has the following joinable critical pair.

The TERS is well-behaved, and hence it is locally coherent. Because it is deterministic and value-invariant, by Theorem 2.1, the 
refinement rule Ω ⇒ 0 is an improvement.

3.  Simply-typed second-order term evaluation and refinement systems

Next we extend our framework to the second-order case. By second-order we mean to use second-order abstract syntax [11,12], 
i.e. syntax with variable binding and metavariables. It allows us to formally deal with higher-order term languages as in second-order 
algebraic theories [13] and second-order computation systems [14,15].

3.1.  Types

We assume that  is a set of atomic types (e.g. Bool, Nat, etc.). We also assume a set of type constructors together with arities 
𝑛 ∈ ℕ, 𝑛 ≥ 1. A type signature is a set of atomic types and type constructors. The sets of molecular types (mol types, for short) 0 and 
types   are generated by the following rules:

𝑏 ∈ 
𝑏 ∈ 0

𝑏1,…, 𝑏𝑛 ∈ 0
𝑇 𝑛-ary type constructor

𝑇 (𝑏1,…, 𝑏𝑛) ∈ 0

𝑎1,…, 𝑎𝑛, 𝑏 ∈ 0
𝑎1,…, 𝑎𝑛 → 𝑏 ∈ 

Example 3.1. Assume atomic types Bool and Nat, and a unary type constructor List. Then the set 0 of all molecular types is the 
least set satisfying

0 = {Bool,Nat} ∪ {List(𝑎) ∣ 𝑎 ∈ 0}

Namely, given a molecular type 𝑎, we have a molecular type List(𝑎).

3.2.  Meta-terms

A signature Σ is a set of function symbols of the form
𝑓 ∶ (𝑎1 → 𝑏1),…, (𝑎𝑚 → 𝑏𝑚) → 𝑐 (1)

where all 𝑎𝑖, 𝑏𝑖, 𝑐 are molecular types (thus any function symbol is of up to second-order type).
A metavariable is a variable declared as 𝑀 ∶ 𝑎 → 𝑏 (written as capital letters 𝑀,𝑁,𝐾,…). A variable of a molecular type is merely 

called variable (written usually 𝑥, 𝑦,…, or sometimes written 𝑥𝑏 when it is of type 𝑏). The raw syntax is given as follows.
− Terms have the form 𝑡 ∶∶= 𝑥 ∣ 𝑥.𝑡 ∣ 𝑓 (𝑡1,…, 𝑡𝑛).

− Meta-terms extend terms to 𝑡 ∶∶= 𝑥 ∣ 𝑥.𝑡 ∣ 𝑓 (𝑡1,…, 𝑡𝑛) ∣ 𝑀[𝑡1,…, 𝑡𝑛].

The form 𝑥.𝑡 is abstraction where 𝑥. is a variable binding. We may write 𝑥1,…, 𝑥𝑛. 𝑡  for 𝑥1.⋯.𝑥𝑛. 𝑡, and we assume ordinary 𝛼-
equivalence for bound variables. The last form is called a meta-application, meaning that when we instantiate 𝑀 ∶ 𝑎 → 𝑏 with a term 
𝑠, free variables of 𝑠 (which are of types 𝑎) are replaced with (meta-)terms 𝑡1,…, 𝑡𝑛.

Example 3.2. The simply-typed 𝜆-terms on the set Ty of simple types generated by a set BTy of base types are modelled in our setting 
as follows. We define the set  of atomic types as BTy. We suppose a type constructor Arr to encode arrow types. The set of Ty of all 
simple types for the 𝜆-calculus is the least set satisfying

Ty = BTy ∪ {Arr(𝑎, 𝑏) ∣ 𝑎, 𝑏 ∈ Ty}.

Thus, the set 0 of all molecular types is Ty. The 𝜆-terms are given by a signature

Σstl =

{

𝜆𝑎,𝑏 ∶ (𝑎 → 𝑏) → Arr(𝑎, 𝑏)
@𝑎,𝑏 ∶ Arr(𝑎, 𝑏), 𝑎 → 𝑏

|

|

|

|

|

𝑎, 𝑏 ∈ Ty

}

An example 𝜆-term is @𝑎,𝑏(𝜆𝑎,𝑏(𝑥𝑎.𝑀[𝑥]), 𝑁) that involves two metavariables 𝑀 ∶ 𝑎 → 𝑏,𝑁 ∶ 𝑎.
We use the following notational convention throughout the paper. We will present a signature by omitting mol type subscripts 

𝑎, 𝑏 (see also more detailed account [15]). For example, simply writing function symbols 𝜆 and @, we mean 𝜆𝑎,𝑏 and @𝑎,𝑏 in Σstl
having appropriate mol type subscripts 𝑎, 𝑏. We will also use @ as an infix operator, thus the example 𝜆-term @𝑎,𝑏(𝜆𝑎,𝑏(𝑥𝑎.𝑀[𝑥]), 𝑁)
is denoted by 𝜆(𝑥.𝑀[𝑥])@𝑁 .
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Fig. 2. Typing rules of meta-terms.

Remark 3.1. In our framework of second-order TERSs, types are stratified into atomic types, molecular types, and types. Molecular 
types are obtained by closing atomic types under the type constructors. Molecular types play the role of “base types” in ordinary type 
theories (see the types in (1)). However, in our setting we require base types to be generated from even more primitive entities. For 
this reason, we introduce atomic types as the most primitive ones and then form molecular types from them.

Another reason is that we wish to use distinct terminology for object-level and meta-level types—that is, to distinguish the “base 
types” of the object-level target calculus from the “base types” (which we call atomic types) of the meta-level second-order TERS.

Molecular types exactly correspond to the base types in [16,17].
Remark 3.2. The syntactic structure of meta-terms and substitution for abstract syntax with variable binding was first introduced 
by Aczel [18]. This formal language allowed him to consider a general framework of rewrite rules for calculi with variable binding. 
This influenced Klop’s rewrite system of Combinatory Reduction System (CRS) [19], where meta-terms are also used as the syntax.

Second-order abstract syntax provides a primitive mechanism of variable binding, represented by expressions of the form 𝑥.𝑡. 
Importantly, this binder is not tied to any particular syntactic construct such as 𝜆-abstraction. The role of 𝑥.𝑡 is solely to introduce a 
scope for the variable 𝑥 within the term 𝑡; all syntactic constructs that require binding make use of this single primitive. This design 
deliberately separates the notions of primitive binding, and language-level constructs that employ binding, which assume particular 
evaluation rules (such as the 𝛽-reduction). As a consequence, it offers a uniform treatment of a wide range of syntactic forms without 
multiplying special-purpose binding operators. 𝜆-abstraction is merely one instance as exemplified in Example 3.2. Because binding 
is primitive and uniform, many common constructs in programming languages are expressed directly:

• let expressions let(𝑠, 𝑥.𝑡) (Example 3.4)
• do/monadic sequencing do(𝑢, 𝑥.𝑡) (Example 3.5)
• effect handlers binding continuation arguments handler(𝑐, 𝑥.𝑘) (Example 3.5)

In all these cases, 𝑥.𝑡 is the same primitive binding mechanism. The outer constructor (let, do, handler, …) determines special 
meaning; the binding itself is provided uniformly.

For a meta-term 𝑡, the set of its free variables is denoted by 𝐹𝑉 (𝑡), the set of its bound variables is denoted by 𝐵𝑉 (𝑡), and the set 
of its free metavariables is denoted by 𝐹𝑀(𝑡).

A metavariable context Θ is a sequence of (metavariable:type)-pairs, and a variable context Γ is a sequence of (variable:mol 
type)-pairs. A typing judgement is of the form

Θ ⊳ Γ⊢ 𝑡 ∶ 𝑏.

A meta-term 𝑡 is well-typed by the typing rules Fig. 2. A sequence of types may be empty in the above definition. The empty sequence 
is denoted by (), which may be omitted, e.g., 𝑏1,…, 𝑏𝑚 → 𝑐, or ()→ 𝑐. The latter case is simply denoted by 𝑐.

3.3.  Contextual sets of meta-terms

In the proofs of this paper, we will use the structure of type and context-indexed sets. A contextual set 𝐴 is a family {𝐴𝑏(Γ) ∣ 𝑏 ∈
0, variable context Γ} of sets indexed by types and variable contexts. Set operations such as ∪, ⊎,∩ are extended to contextual sets 
by index-wise constructions, such as 𝐴 ∪ 𝐵 by {𝐴𝑏(Γ) ∪ 𝐵𝑏(Γ) ∣ 𝑏 ∈ 0, variable context Γ}. Throughout this paper, for a contextual set 
𝐴, we simply write 𝑎 ∈ 𝐴 if there exist 𝑏,Γ such that 𝑎 ∈ 𝐴𝑏(Γ). The indices are usually easily inferred from context. A map 𝑓 ∶ 𝐴 → 𝐵
between contextual sets is given by indexed functions {𝑓𝑏(Γ) ∶ 𝐴𝑏(Γ) → 𝐵𝑏(Γ) ∣ 𝑏 ∈ 0, variable context Γ}. Examples of contextual 
sets are the contextual set of meta-terms MΣΘ and of terms TΣV defined by 

(MΣΘ)𝑏(Γ) ≜ {𝑡 ∣ Θ ⊳Γ⊢𝑡 ∶ 𝑏}, (TΣV)𝑏(Γ) ≜ {𝑡 ∣ ⊳Γ⊢𝑡 ∶ 𝑏}.

for a given metavariable context Θ and a given signature Σ.
A term is closed if it has no occurrence of variables.
A position of a meta-term is given by a (possibly empty) sequence of positive numbers. The set os(𝑡) of all positions in a meta-term 

𝑡 is inductively defined as follows.
os(𝑥) = {𝜀}
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os(𝑥.𝑡) = {𝜀} ∪ {1.𝑝 ∣ 𝑝 ∈ os(𝑡)}

os(𝑓 (𝑡1,… , 𝑡𝑙)) = {𝜀} ∪ {𝑖.𝑝 ∣ 𝑖 ∈ [𝑙], 𝑝 ∈ os(𝑡𝑖)}

os(𝑀[𝑡1,… , 𝑡𝑚]) = {𝜀} ∪ {𝑖.𝑝 ∣ 𝑖 ∈ [𝑚], 𝑝 ∈ os(𝑡𝑖)}

We write 𝑠[𝑡]𝑝 for the meta-term that is obtained by replacing the sub-term of 𝑠 at the position 𝑝 with 𝑡. We write 𝑠|𝑝 for the sub-term 
of 𝑠 at the position 𝑝.

We say that a position 𝑝 in a meta-term 𝑡 is a metavariable position if 𝑡|𝑝 is a meta-application, i.e., 𝑡|𝑝 = 𝑀[𝑡1,…, 𝑡𝑛]. This description 
includes the case 𝑡|𝑝 = 𝑀 where 𝑛 = 0, for which we identify 𝑀[ ] with just a metavariable 𝑀 .

A substitution 𝜃 is given by a sequence [𝑀1 ↦ 𝑥1.𝑠1,… ,𝑀𝑘 ↦ 𝑥𝑘.𝑠𝑘] such that: (i) 𝑀1,… ,𝑀𝑘 are distinct metavariables, and (ii) 
for some Θ,Γ and for each 𝑖 ∈ [𝑘], (𝑀𝑖 ∶ 𝑎𝑖 → 𝑏𝑖) ∈ Θ and Θ ⊳ Γ, 𝑥𝑖 ∶ 𝑎𝑖 ⊢ 𝑠𝑖 ∶ 𝑏𝑖 hold. We call 𝑀1,… ,𝑀𝑘 the domain of 𝜃 and write 
𝐷𝑜𝑚(𝜃). Given a meta-term Θ,𝑀1 ∶ 𝑎1 → 𝑏1,…,𝑀𝑘 ∶ 𝑎𝑘 → 𝑏𝑘 ⊳ Γ⊢ 𝑡 ∶ 𝑏, a meta-term 𝑡𝜃 is defined by

𝑥𝜃 = 𝑥

(𝑓 (𝑥1.𝑡1,… , 𝑥𝑙 .𝑡𝑙))𝜃 = 𝑓 (𝑥1.𝑡1𝜃,… , 𝑥𝑙 .𝑡𝑙𝜃)

(𝑀[𝑡1,… , 𝑡𝑚])𝜃 =

{

𝑠𝑖{(𝑥𝑖)1 ↦ 𝑡1𝜃,… , (𝑥𝑖)𝑚 ↦ 𝑡𝑚𝜃} (∃𝑖 ∈ [𝑘]. 𝑀 ≡ 𝑀𝑖)
𝑀[𝑡1𝜃,… , 𝑡𝑚𝜃] (otherwise)

The meta-term 𝑠𝑖{(𝑥𝑖)1 ↦ 𝑡1𝜃,… , (𝑥𝑖)𝑚 ↦ 𝑡𝑚𝜃} is the result of standard (capture-avoiding) substitution for variables. We call 𝑡𝜃 an 
instance of 𝑡.

Given two substitutions 𝜃1 = [𝑀 ↦ 𝑥.𝑠, 𝐾 ↦ 𝑧.𝑡] and 𝜃2 = [𝑁 ↦ 𝑦.𝑢, 𝐾 ↦ 𝑧.𝑡] such that the concatenation 𝑀,𝑁,𝐾 is a sequence 
of distinct metavariables, their composition 𝜃1𝜃2 is defined by 𝜃1𝜃2 = [𝑀 ↦ 𝑥.𝑠𝜃2, 𝐾 ↦ 𝑧.𝑡𝜃2, 𝑁 ↦ 𝑦.𝑢]. It satisfies (𝑡𝜃1)𝜃2 = 𝑡(𝜃1𝜃2).

A renaming is given by a sequence 𝜌 = [𝑀 ↦ 𝑁] such that 𝜌 is injective, and 𝑀 ∩𝑁 = ∅.
We will use Miller’s notion of higher-order pattern [20], which makes higher-order unification decidable. A meta-term is a higher-

order pattern (pattern for short) if each occurrence of meta-application must be of the form 𝑀[𝑥1,… , 𝑥𝑚], where 𝑥1,… , 𝑥𝑚 are distinct 
bound variables.
Definition 3.1  (Contexts). Suppose that for each type 𝜎, there exists a constant □𝜎 of type 𝜎 called a hole. A (typed) context 𝐶 is a 
well-typed meta-term that involves exactly one hole. We denote by 𝐶 ∶ 𝜎 → 𝜏 when the meta-term 𝐶 of type 𝜏 involves the hole □𝜎

of type 𝜎.
Let 𝐶[𝑡] denote the term where the hole □𝜎 of a context 𝐶 is replaced by a meta-term 𝑡 of type 𝜎. Note that, unlike substitution, 

the operation of filling in the context hole may cause the capture of bound variables.
Hereafter, we omit the superscript 𝜎 in a hole when it is clear from context. A context is flat if any prefix of the position of the 

hole is not a metavariable position; e.g. 𝑓 (𝑥.□) is a flat context, but 𝑀[□] and 𝑀[𝑓 (𝑥.□)] are not flat contexts. Let 𝐶𝑡𝑥 be the set of 
all contexts. We use the same properties for a set  of contexts, as in the first-order case: namely, closure under substitutions, closure 
under composition, and inductivity (see Section 2.2).

3.4.  Syntax classes

We introduce a notion of syntactic classification for terms, typically used for distinguishing values and non-values, following 
[15]. In loc. cit., the call-by-value lambda-calculus (dubbed 𝜆value-calculus) involves the following two syntax classes of values and 
non-values.

Values 𝑉 ∶∶= 𝑥 ∣ 𝜆(𝑥.𝑀) Non-values 𝑃 ∶∶= 𝑀@𝑁

This also specifies two special names 𝑉 , 𝑃  of metavariables that are used for values and non-values.
Definition 3.2  (Syntax class). We define a set 𝑆𝑐𝑙𝑎𝑠𝑠 of names for syntax classes. Each syntax class is associated with an inductively 
defined set of well-typed meta-terms specified by a BNF grammar or inference rules (cf. Example 4.1). Every metavariable is either 
associated with a syntax class and called “⟨syntax class name⟩ metavariable”, or not associated and called general metavariable. We 
assume the following two default syntax classes:

• values associated with well-typed values, and
• general associated with the set of all well-typed meta-terms.

Therefore, any well-typed meta-term belongs to at least the general syntax class.
For example, in the case of 𝜆value-calculus, we define

𝑆𝑐𝑙𝑎𝑠𝑠 = { values 𝑉 ∶∶= 𝑥 ∣ 𝜆(𝑥.𝑀), non-values 𝑃 ∶∶= 𝑀@𝑁 }.

The metavariable 𝑉  is a value metavariable, 𝑃  is a non-value metavariable, and 𝑀,𝑁 are general metavariables. Substitutions must 
also be consistent with syntax classes.
Definition 3.3. A substitution 𝜃 is valid if for each assignment (𝑀 ↦ 𝑥.𝑡) ∈ 𝜃, the following holds:
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Fig. 3. Typed second-order evaluation → on meta-terms.

Fig. 4. Typed second-order refinement ⇒ on meta-terms.

• let 𝑆 be the associated meta-term set of 𝑀 ’s syntax class, and
• 𝑇  the associated meta-term set of 𝑡’s syntax class, and
• 𝑆 ⊇ 𝑇  holds.
We write 𝗏𝖺𝗅𝗂𝖽 𝜃 when 𝜃 is a valid substitution.

For example, for given a general metavariable 𝑀 and a value metavariable 𝑉 , a substitution 𝜃 ∶ 𝑀 ↦ 𝑉  is valid, whereas 𝜃 ∶ 𝑉 ↦
𝑀 is not valid because the set of all values are included in the set of all meta-terms.

Composition of valid substitutions is again valid, under the assumption that each syntax class is closed under substitutions: that 
is, for each syntax class, if a meta-term 𝑡 is included then 𝑡𝜃 is also included, where 𝜃 is a substitution.

3.5.  Evaluation and refinement

Definition 3.4. For meta-terms Θ ⊳ ⊢ 𝓁 ∶ 𝑏 and Θ ⊳ ⊢ 𝑟 ∶ 𝑏, an evaluation (resp. a refinement) rule is of the form
Θ ⊳ ⊢ 𝓁 → 𝑟 ∶ 𝑏

satisfying:

1. 𝓁 is not a variable nor a metavariable.
2. 𝓁 is a higher-order pattern.
3. All metavariables in 𝑟 appear in 𝓁.
We usually omit the context and type and simply write 𝓁 → 𝑟 for an evaluation (resp. 𝓁 ⇒ 𝑟 for a refinement) rule.

We assume that the lhs of every rule is a higher-order pattern to make unification decidable, which is important for computing 
rewrite steps and critical pairs. Second-order TESs and TERSs can now be defined, in an analogous way to the first-order setting.
Definition 3.5  (Second-order TES). A second-order term evaluation system is a tuple (𝑇𝑦𝑝𝑒,Σ,  , 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠) consisting of
(i) a type signature 𝑇𝑦𝑝𝑒,
(ii) a signature Σ,
(iii) a set  of evaluation rules,
(iv) a set 𝐸𝑐𝑡𝑥 ⊆ 𝐶𝑡𝑥 of flat contexts, called evaluation contexts, that is closed under substitutions, closed under composition and 

inductive, and
(v) a set 𝑆𝑐𝑙𝑎𝑠𝑠 of syntax classes that satisfies
(a) it includes a value class associated with the set 𝑉𝑎𝑙
(b) 𝑉𝑎𝑙 ⊆ NF(→ )
(c) 𝑣 ∈ 𝑉𝑎𝑙 implies 𝑣𝜃 ∈ 𝑉𝑎𝑙 for any 𝗏𝖺𝗅𝗂𝖽 𝜃
(d) it comes with an equivalence relation =𝑉𝑎𝑙 ⊆ 𝑉𝑎𝑙 × 𝑉𝑎𝑙.

The evaluation relation → ⊆ MΣΘ ×MΣΘ is defined in Fig. 3.
The evaluation relation →  is closed under evaluation contexts in 𝐸𝑐𝑡𝑥. It is closed under substitutions, thanks to 𝐸𝑐𝑡𝑥 being an 

inductive set of flat contexts.
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Definition 3.6  (Second-order TERS). A second-order term evaluation and refinement system is a tuple (𝑇𝑦𝑝𝑒,Σ,  ,, 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠) con-
sisting of

(i) a second-order TES (𝑇𝑦𝑝𝑒,Σ,  , 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠), and
(ii) a set  of refinement rules that satisfies
(a) for any (𝑙 ⇒ 𝑟) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃, if 𝑙𝜃 belongs to a syntax class 𝑆 then 𝑟𝜃 belongs to 𝑆.
(b) for any (𝑙 → 𝑟) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃, if 𝑙𝜃 belongs to a syntax class 𝑆 then 𝑟𝜃 belongs to 𝑆.

The refinement relation ⇒ on well-typed meta-terms is defined in Fig. 4.
The refinement relation ⇒ is closed under arbitrary contexts in 𝐶𝑡𝑥 and valid substitutions.

3.6.  Joinability and improvement

The definitions of peaks, joinability, rewriting properties, and improvement are inherited from the first-order case (see Section 2.3). 
Finally, the first main theorem (Theorem 2.1) also holds in the second-order setting:
Theorem 3.1  (Sufficient condition for improvement: second-order ver). If a second-order TERS (Σ,  ,, 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠) is deterministic, 
value-invariant and locally coherent, then  is an improvement w.r.t.  . 

3.7.  Examples

In the remainder of this section, we present a few examples of TERS. We may omit type scripts for simplicity.
Example 3.3  (The untyped call-by-value lambda-calculus [21]). With types, we can represent an untyped calculus as a TERS. A 
TERS CBV𝜆 of Plotkin’s untyped (left-to-right) call-by-value lambda-calculus is defined as follows.

Type signature 𝜄

Signature Σ 𝜆∶ (𝜄 → 𝜄) → 𝜄, @∶ 𝜄, 𝜄 → 𝜄

Syntax class 𝑆𝑐𝑙𝑎𝑠𝑠

values 𝑉 ∶∶= 𝑥 ∣ 𝜆(𝑥.𝑀)  with =𝑉𝑎𝑙 defined by 𝑣 ∈ 𝑉𝑎𝑙
𝑥 =𝑉𝑎𝑙 𝑣 𝜆(𝑥.𝑡) =𝑉𝑎𝑙 𝜆(𝑦.𝑡′)

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ 𝐸@𝑀 ∣ 𝑉@𝐸

Evaluation rule 
𝜆(𝑥.𝑀[𝑥])@𝑉 → 𝑀[𝑉 ]

Refinement rules 
𝜆(𝑥.𝑀[𝑥])@𝑉 ⇒ 𝑀[𝑉 ]

𝜆(𝑥.𝑉@𝑥) ⇒ 𝑉

Note that the notation 𝜆(𝑥.𝑉@𝑥) using the second-order abstract syntax automatically ensures that 𝑉  cannot involve the variable 
𝑥, because any substitution for the metavariable 𝑉  must be capture-avoiding. Note that =𝑉𝑎𝑙 equates all values, making successful 
termination the only possible observation. Note also that the evaluation proceeds from left to right in the TERS CBV𝜆. For example, 
we have:

(𝜆(𝑥.𝑥)@𝜆(𝑦.𝑦))@(𝜆(𝑧.𝑧)@𝜆(𝑤.𝑤)) → 𝜆(𝑦.𝑦)@(𝜆(𝑧.𝑧)@𝜆(𝑤.𝑤))

→ 𝜆(𝑦.𝑦)@𝜆(𝑤.𝑤)

→ 𝜆(𝑤.𝑤),

(𝜆(𝑥.𝑥)@𝜆(𝑦.𝑦))@(𝜆(𝑧.𝑧)@𝜆(𝑤.𝑤)) ̸→ (𝜆(𝑥.𝑥)@𝜆(𝑦.𝑦))@𝜆(𝑤.𝑤).

The last evaluation is impossible, because (𝜆(𝑥.𝑥)@𝜆(𝑦.𝑦))@□ is not a valid evaluation context. We also emphasise that the TERS CBV𝜆
is different from the lambda-calculus with the (leftmost) innermost strategy. Namely, no evaluation can happen inside abstraction; 
𝜆(𝑥.□) is not a valid evaluation context, and therefore 𝜆(𝑥.𝜆(𝑦.𝑦)@𝜆(𝑧.𝑧)) ̸→ 𝜆(𝑥.𝜆(𝑧.𝑧)).

Example 3.4  (A simplified computational lambda-calculus 𝜆𝑚𝑙∗ [3,4]). A notion of evaluation for Sabry and Wadler’s computational 
lambda-calculus 𝜆𝑚𝑙∗ [3] has been studied [4]. A TERS Comp𝜆𝑚𝑙∗ of the computational lambda-calculus is defined as follows:

Type signature 𝜄, Arr(−,−), T(−)

Signature Σ
𝜆𝑎,𝑏 ∶ (𝑎 → T(𝑏)) → Arr(𝑎, 𝑏), (@𝑎,𝑏)∶ Arr(𝑎, 𝑏), 𝑎 → T(𝑏), let𝑎,𝑏 ∶ T(𝑎), (𝑎 → T(𝑏)) → T(𝑏), return𝑎 ∶ 𝑎 → T(𝑎)

Syntax classes 𝑆𝑐𝑙𝑎𝑠𝑠

values 𝑉 , 𝑉 ′ ∶∶= 𝑥 ∣ 𝜆(𝑥.𝑃 )  with =𝑉𝑎𝑙 defined by 𝑣 ∈ 𝑉𝑎𝑙
𝑥 =𝑉𝑎𝑙 𝑣 𝜆(𝑥.𝑡) =𝑉𝑎𝑙 𝜆(𝑦.𝑡′)
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computations 𝑃 , 𝑃 ′ ∶∶= return(𝑉 ) ∣ let(𝑃 , 𝑥.𝑃 ′) ∣ 𝑉@𝑉 ′

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ let(𝐸, 𝑥.𝑃 )

Evaluation rules 
𝜆(𝑥.𝑃 [𝑥])@𝑉 → 𝑃 [𝑉 ] (1)

let(return(𝑉 ), 𝑥.𝑃 [𝑥]) → 𝑃 [𝑉 ] (2)

Refinement rules 
𝜆(𝑥.𝑃 [𝑥])@𝑉 ⇒ 𝑃 [𝑉 ] (r1)

let(return(𝑉 ), 𝑥.𝑃 [𝑥]) ⇒ 𝑃 [𝑉 ] (r2)

𝜆(𝑥.𝑉@𝑥) ⇒ 𝑉 (r3)

let(𝑃 , 𝑥.return(𝑥)) ⇒ 𝑃 (r4)

let(let(𝑃1, 𝑥1.𝑃2[𝑥1]), 𝑥2.𝑃3[𝑥2]) ⇒ let(𝑃1, 𝑥1.let(𝑃2[𝑥1], 𝑥2.𝑃3[𝑥2])) (r5)

Example 3.5  (Effect handlers [22]). A TERS Hndl is defined in Fig. 5, where 𝑉 , 𝑉1, 𝑉2 are value metavariables, 𝐻 is a handler 
metavariable, and 𝑃 , 𝑃1, 𝑃2,… are computation metavariables.

We only consider two operations op1, op2 and two handlers: handler1 for catching the first operation op1 and handler0 for catching 
no operation, for simplicity. We change the evaluation rule (7) to be the so-called shallow handling; the original, deep handling, rule 
[22] can be accommodated to a TERS, but this TERS would not be well-behaved.1 We also select the refinement rules that do not 
correspond to an evaluation rule and those whose lhs is a higher-order pattern.2 The refinement rules are numbered according to the 
original presentation [22, Fig. 7].

3.8.  Second-order critical pair analysis for local coherence

3.8.1.  Critical pairs
The following definitions are analogous to those of first-order TERS, except for lifters (Definition 3.7 below) that are additional, 

and unifiers (Definition 3.8 below) that are defined for terms with the same free variables only. We will discuss these in Remark 3.3. 
The definition of critical pairs is again standard (cf. [23]), akin to commutation.
Definition 3.7  (Lifter). Given a sequence 𝑥 of variables and a sequence 𝐾 of metavariables, an 𝑥𝑎-lifter of a pattern 𝑡 away from 𝐾 is 
given by a substitution 𝜎 = [𝑀 ↦ 𝑦.(𝑀𝜌)[𝑦, 𝑥]] where 𝑀 = 𝐹𝑀(𝑡) and 𝜌 = [𝑀 ↦ 𝑁] is a renaming such that (i) 𝑁 ∩𝐾 = ∅, and (ii) 
if 𝑀𝑖 ∶ 𝑎𝑖 → 𝑏𝑖 then 𝑁𝑖 ∶ 𝑎𝑖, 𝑎 → 𝑏𝑖.

Definition 3.8  (Unifiers). 

• Given two meta-terms 𝑡, 𝑢 such that 𝐹𝑉 (𝑡) = 𝐹𝑉 (𝑢), a unifier between 𝑡 and 𝑢 is a valid substitution 𝜃 such that 𝑡𝜃 = 𝑢𝜃.
• A most general unifier between 𝑡 and 𝑢 is given by a unifier 𝜃 between 𝑡 and 𝑢 such that, for any unifier 𝜎 between 𝑡 and 𝑢, there 
exists a valid substitution 𝜎′ such that 𝜎 = 𝜃𝜎′.

Definition 3.9  (Overlaps). Let 1,2 ∈ {, }. Given rules (𝑙1 ⇾1 𝑟1) ∈ 1, (𝑙2 ⇾2 𝑟2) ∈ 2 and a substitution 𝜃, a tuple (𝑙1 ⇾1
𝑟1, 𝑙2 ⇾2 𝑟2, 𝑝, 𝜎, 𝜃) is an (1,2)-overlap if it satisfies the following.

• The rules 𝑙1 ⇾1 𝑟1 and 𝑙2 ⇾2 𝑟2 do not have common variables or metavariables.
• If 𝑝 = 𝜀, the rules 𝑙1 ⇾1 𝑟1 and 𝑙2 ⇾2 𝑟2 are not variants of each other.
• The sub-term 𝑙1|𝑝 is not a meta-application, where 𝑝 is a position of 𝑙1.
• For 𝑥 = 𝐹𝑉 (𝑙1|𝑝) ∩ 𝐵𝑉 (𝑙1), 𝜎 is an 𝑥-lifter of 𝑙2 away from 𝐹𝑀(𝑙1).
• The substitution 𝜃 is a most general unifier between 𝑙1|𝑝 and 𝑙2𝜎.
Definition 3.10  (Critical pairs). 

• The critical pair generated by an (, )-overlap (𝑙1 ⇒ 𝑟1, 𝑙2 → 𝑟2, 𝑝, 𝜎, 𝜃) is an (, )-peak (𝑟1𝜃, 𝑙1𝜃, (𝑙1𝜃)[(𝑟2𝜎)𝜃]𝑝).
• The critical pair generated by an ( ,)-overlap (𝑙1 → 𝑟1, 𝑙2 ⇒ 𝑟2, 𝑝, 𝜎, 𝜃) is an (, )-peak ((𝑙1𝜃)[(𝑟2𝜎)𝜃]𝑝, 𝑙1𝜃, 𝑟1𝜃).
Remark 3.3. Compared to the first-order setting, the definition of critical pairs requires the use of lifters defined in Definition 3.7 
in the higher-order setting. The following second-order TERS illustrates the necessity of lifters, which has not been clearly explained 
in prior work, such as [23]. The TERS is a variant of the call-by-name lambda-calculus, with its refinement rule being an “incorrect” 
eta-rule.

Type signature 𝜄

1 More specifically, the metavariable 𝑃1 would appear twice in the rhs of the original rule of the evaluation rule (7).
2 The refinement rule (7) in [22, Fig. 7] is the only refinement rule whose lhs is not a higher-order pattern.
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Fig. 5. The TERS Hndl.
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Signature Σ 𝜆∶ (𝜄 → 𝜄) → 𝜄, @∶ 𝜄, 𝜄 → 𝜄, 0∶ 𝜄

Syntax class 𝑆𝑐𝑙𝑎𝑠𝑠
values 𝑉 ∶∶= 𝑥  with =𝑉𝑎𝑙  defined by 𝑥 =𝑉𝑎𝑙 𝑦

Evaluation contexts 𝐸𝑐𝑡𝑥 𝐸 ∶∶= □ ∣ 𝐸@𝑀 ∣ 𝜆(𝑥.𝐸)

Evaluation rule 
𝜆(𝑦.𝑀[𝑦])@𝑁 → 𝑀[𝑁]

Refinement rule 
𝜆(𝑥.𝑀 ′[𝑥]@𝑥) ⇒ 𝑀 ′[0]

Analogous to the first-order setting, one would consider an overlap between the evaluation rule → and the refinement rule ⇒. This 
would amount to taking a most general unifier between the lhs 𝜆(𝑦.𝑀[𝑦])@𝑁 of the evaluation rule and a sub-term 𝑀 ′[𝑥]@𝑥 of the 
lhs of the refinement rule. One natural candidate of the most general unifier is:

𝜃 = [𝑀 ↦ 𝑦.𝐾[𝑦], 𝑁 ↦ 𝑥,𝑀 ′ ↦ 𝑥.𝜆(𝑦.𝐾[𝑦])].

However, this is not most general; it cannot have both of the two unifiers below as instances:
𝜃1 = [𝑀 ↦ 𝑦.𝑦,𝑁 ↦ 𝑥,𝑀 ′ ↦ 𝑥′.𝜆(𝑦.𝑦)],

𝜃2 = [𝑀 ↦ 𝑦.𝑥,𝑁 ↦ 𝑥,𝑀 ′ ↦ 𝑥′.𝜆(𝑦.𝑥′)].

To deal with this apparent lack of most general unifiers, we restrict the definition of unifiers so that we take unifiers of two terms 𝑡 and 
𝑢 only when 𝐹𝑉 (𝑡) = 𝐹𝑉 (𝑢). In the above example, this amounts to taking a unifier between terms 𝜆(𝑦.𝑀[𝑦, 𝑥])@𝑁[𝑥] and 𝑀 ′[𝑥]@𝑥
instead of terms 𝜆(𝑦.𝑀[𝑦])@𝑁 and 𝑀 ′[𝑥]@𝑥. Namely, we derive the term 𝜆(𝑦.𝑀[𝑦, 𝑥])@𝑁[𝑥] from the term 𝜆(𝑦.𝑀[𝑦])@𝑁 so that it 
has 𝑥 as a free variable. Lifters are introduced for this derivation purpose; the term 𝜆(𝑦.𝑀[𝑦, 𝑥])@𝑁[𝑥] is precisely an 𝑥-lifter of the 
term 𝜆(𝑦.𝑀[𝑦])@𝑁 .

Lemma 3.1. Let 𝑙1, 𝑙2 be two patterns with no common metavariables, 𝑝 be a position of 𝑙1 such that the sub-term 𝑙1|𝑝 is not a meta-application, 
𝑥 = 𝐹𝑉 (𝑙1|𝑝) ∩ 𝐵𝑉 (𝑙1), and 𝜎 be an 𝑥-lifter of 𝑙2 away from 𝐹𝑀(𝑙1). The following are equivalent.

1. ∃𝜃. (𝑙1|𝑝)𝜃 = (𝑙2𝜎)𝜃
2. ∃𝜃1, 𝜃2. (𝑙1|𝑝)𝜃1 = (𝑙2)𝜃2

Moreover, 𝜃|𝐹𝑀(𝑙1) = 𝜃1 and (𝜎𝜃)|𝐹𝑀(𝑙2) = 𝜃2 hold.
Proof.  (1) ⟹  (2). We can take 𝜃1 to be the restriction of 𝜃 to 𝐹𝑀(𝑙1), i.e. 𝜃1 = 𝜃|𝐹𝑀(𝑙1). We can take 𝜃2 to be the composition of 𝜎
and 𝜃, namely 𝜃2 = 𝜎𝜃.

(2) ⟹  (1). Without loss of generality, we assume that 𝐷𝑜𝑚(𝜃1) ⊆ 𝐹𝑀(𝑙1). Let 𝜌 be the renaming associated with the lifter 𝜎, and 
𝜃′2 be a substitution [(𝑀𝜌) ↦ 𝑦, 𝑥. 𝜃2(𝑀[𝑥])]. We take 𝜃 = 𝜃1 ∪ 𝜃′2. ∎
Lemma 3.2. If a critical pair (𝑡1, 𝑠, 𝑡2) is joinable, then for any valid substitution 𝜃, (𝑡1𝜃, 𝑠𝜃, 𝑡2𝜃) is a joinable (, )-peak.

Proof.  We have a joinable (, )-peak (𝑡1, 𝑠, 𝑡2). Because evaluation is closed under valid substitutions, and refinement satisfies 
𝑡 ⇒ 𝑢 ⟹ 𝑡𝜃

∗
⇒ 𝑢𝜃, (𝑡1𝜃, 𝑠𝜃, 𝑡2𝜃) is also a joinable (, )-peak. ∎

To obtain the so-called critical pair theorem, TERSs are required to be well-behaved again. The following conditions are similar to 
the first-order case (see Definition 2.9), except for the last two conditions which ensure that evaluation and refinement are consistent 
with syntax classes.

We say that a meta-term 𝑡 is linear w.r.t. non-value metavariables if every metavariable that is not a value metavariable occurs at 
most once in 𝑡. Note that the linear restriction does not apply to value metavariables, allowing a value metavariable to occur more 
than twice in 𝑡.
Definition 3.11  (Well-behaved TERS). A TERS (Σ,  ,, 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠) is well-behaved if it satisfies the following.

(i) For any 𝐶1, 𝐶2 ∈ 𝐶𝑡𝑥, if 𝐶1[𝐶2] ∈ 𝐸𝑐𝑡𝑥 then 𝐶1, 𝐶2 ∈ 𝐸𝑐𝑡𝑥.
(ii) For any 𝐸 ∈ 𝐸𝑐𝑡𝑥 and 𝐶 ′ ∈ 𝐶𝑡𝑥, if 𝐸 ⇒ 𝐶 ′ then 𝐶 ′ ∈ 𝐸𝑐𝑡𝑥.
(iii) For any (𝑙 → 𝑟) ∈  , 𝑙 is linear w.r.t. non-value metavariables.
(iv) For any (𝑙 ⇒ 𝑟) ∈ ,
(a) both 𝑙 and 𝑟 are linear w.r.t. non-value metavariables, and
(b) for every non-value metavariable 𝑀 ∶ 𝑎 → 𝑏 ∈ 𝐹𝑀(𝑙), if 𝑙[𝑀 ↦ 𝑥.□] ∈ 𝐸𝑐𝑡𝑥 then 𝑟[𝑀 ↦ 𝑥.□] ∈ 𝐸𝑐𝑡𝑥.

Thanks to the linearity condition of non-value metavariables, we can have the distributive law of the map function on lists over 
list append as a well-behaved refinement rule: i.e. map(𝑉 ,𝑀)++map(𝑉 ,𝑁) ⇒ map(𝑉 ,𝑀++𝑁) where the first function argument of map
is restricted to values.
Theorem 3.2  (Critical pair theorem). A well-behaved TERS is locally coherent if and only if all its critical pairs are joinable. 
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Proof.  The “only if” part is straightforward. In the following, we prove the “if” part.
Take an arbitrary (, )-peak (𝑡1, 𝑠, 𝑡2). Our goal is to prove that this (, )-peak is joinable. Since 𝑠 ⇒ 𝑡1, there exist 𝑝 ∈ os(𝑠), 

(𝑙 ⇒ 𝑟) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃 such that 𝑠|𝑝 = 𝑙𝜃, 𝑡1 = 𝑠[𝑟𝜃]𝑝 and 𝑠[□]𝑝 ∈ 𝐶𝑡𝑥. We prove that the (, )-peak (𝑡1, 𝑠, 𝑡2) is joinable, by induction 
on the length of the position 𝑝.

Base case. When |𝑝| = 0, i.e. 𝑝 = 𝜀, we have 𝑠 = 𝑙𝜃 and 𝑡1 = 𝑟𝜃. Because 𝑙𝜃 → 𝑡2, there exist 𝑝′ ∈ os(𝑙𝜃), (𝑙′ → 𝑟′) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃′
such that (𝑙𝜃)|𝑝′ = 𝑙′𝜃′, 𝑡2 = (𝑙𝜃)[𝑟′𝜃′]𝑝′  and (𝑙𝜃)[□]𝑝′ ∈ 𝐸𝑐𝑡𝑥. We have an (, )-peak 𝑃 = (𝑟𝜃, 𝑙𝜃, (𝑙𝜃)[𝑟′𝜃′]𝑝′ ).

• If 𝑝′ = 𝜀, and 𝑙 ⇒ 𝑟 and 𝑙 → 𝑟 are variants of each other, we have 𝑟𝜃 = 𝑟′𝜃′ and the (, )-peak 𝑃  is joinable.
• Otherwise, because (𝑙𝜃)[□]𝑝′ ∈ 𝐸𝑐𝑡𝑥 is a flat context, every prefix of 𝑝′ but 𝑝′ itself is not a metavariable position in 𝑙𝜃.

– If 𝑝′ is a non-metavariable position of 𝑙, since 𝑙 and 𝑙′ are patterns, 𝑙|𝑝′  must not be a meta-application nor an argument of a 
meta-application (i.e. a variable). Therefore we have (𝑙|𝑝′ )𝜃 = (𝑙𝜃)|𝑝′ = 𝑙′𝜃′. By Lemma 3.1, there is a unifier between 𝑙|𝑝′  and 
𝑙′𝜎 for an appropriate lifter 𝜎. The (, )-peak 𝑃  is an instance of the critical pair generated by an (, )-overlap.

– Otherwise, there exist sequences 𝑞1, 𝑞2, a metavariable 𝑁 and a sequence 𝑦 such that: 𝑞1 ∈ os(𝑙), 𝑙|𝑞1 = 𝑁[𝑦], 𝑞2 ∈ os((𝑁[𝑦])𝜃), 
and 𝑝′ = 𝑞1𝑞2. Because of the condition (i) of Definition 3.11, (𝑙𝜃)[□]𝑝′ ∈ 𝐸𝑐𝑡𝑥 implies 𝑙[□]𝑞1 , (𝑁[𝑦])𝜃[□]𝑞2 ∈ 𝐸𝑐𝑡𝑥. In particular, 
the latter means that (𝑁[𝑦])𝜃 ∉ NF(→ ), and hence 𝑁 is not a value metavariable. The metavariable 𝑁 must appear at most 
once in both 𝑙 and 𝑟, due to the condition (iv)a of Definition 3.11. If 𝑁 does not appear in 𝑟, the (, )-peak 𝑃  is joinable by 
applying the rule 𝑙 ⇒ 𝑟 to 𝑡2. Otherwise, i.e. if 𝑁 appears once in 𝑟, the rule 𝑙′ → 𝑟′ can be applied to 𝑡1 thanks to the condition 
(iv)b of Definition 3.11, and the rule 𝑙 ⇒ 𝑟 can be applied to 𝑡2, thanks to the condition (iv) of Definition 3.11. These two 
applications yield the same result. Therefore, we can conclude that the (, )-peak 𝑃  is joinable.

Inductive case. When |𝑝| > 0, we have 𝑝 = 𝑖𝑝𝑡 for some positive number 𝑖 and some sequence 𝑝𝑡. We have either 𝑠 =
𝑓 (𝑥1.𝑢1,… , 𝑥𝑖.𝑢𝑖,… , 𝑥𝑘.𝑢𝑘) or 𝑠 = 𝑀[𝑢1,… , 𝑢𝑖,… , 𝑢𝑘], such that 𝑙𝜃 = 𝑢𝑖|𝑝𝑡 .

First, assume that we have an (, )-peak

𝑃 ′ = (𝑓 (𝑥1.𝑢1,… , 𝑥𝑖.𝑢𝑖[𝑟𝜃]𝑝𝑡 ,… , 𝑥𝑘.𝑢𝑘), 𝑓 (𝑥1.𝑢1,… , 𝑥𝑖.𝑢𝑖,… , 𝑥𝑙 .𝑢𝑙), 𝑡2).

By 𝑠 → 𝑡2, there exist 𝑝′ ∈ os(𝑠), (𝑙′ → 𝑟′) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃′ such that 𝑠|𝑝′ = 𝑙′𝜃′, 𝑡2 = 𝑠[𝑟′𝜃′]𝑝′  and 𝑠[□]𝑝′ ∈ 𝐸𝑐𝑡𝑥. We proceed by case 
analysis on 𝑝′ ∈ os(𝑠).

• When 𝑝′ = 𝜀 , we have 𝑠 = 𝑙′𝜃′ and 𝑡2 = 𝑟′𝜃′.
– If 𝑝 is a non-metavariable position of 𝑙′, since 𝑙 and 𝑙′ are patterns, 𝑙′|𝑝 must not be a meta-application nor an argument of a 
meta-application (i.e. a variable). Therefore we have (𝑙′|𝑝)𝜃′ = (𝑙′𝜃′)|𝑝 = 𝑙𝜃. By Lemma 3.1, there is a unifier between 𝑙′|𝑝 and 
𝑙𝜎 for an appropriate lifter 𝜎. The (, )-peak 𝑃 ′ is an instance of the critical pair generated by an ( ,)-overlap.

– Otherwise, there exist sequences 𝑞1, 𝑞2 and a metavariable 𝑀 such that: 𝑞1 ∈ os(𝑙′), 𝑙′|𝑞1 = 𝑀[𝑦], 𝑞2 ∈ os(𝑀[𝑦]𝜃′), and 𝑝 =
𝑞1𝑞2. The metavariable 𝑀 appears at most once in 𝑙′, due to the condition (iii) of Definition 3.11. We can apply the rule 𝑙′ → 𝑟′

to 𝑡1. The substitution 𝜃′ is valid, thanks to the condition (iii) of Definition 3.11. We can also apply the rule 𝑙 ⇒ 𝑟 to 𝑡2 as many 
times as 𝑀 appears in 𝑟′. These applications of 𝑙′ → 𝑟′ and 𝑙 ⇒ 𝑟 yield the same result. The (, )-peak 𝑃 ′ is therefore joinable.

• When 𝑝′ ≠ 𝜀, i.e. 𝑝′ = 𝑖′𝑝′𝑡 for some positive number 𝑖′ and some sequence 𝑝′𝑡, there are two possibilities.
– When 𝑖′ = 𝑖, by I.H., we have a joinable (, )-peak 𝑄 = (𝑢𝑖[𝑟𝜃]𝑝𝑡 , 𝑢𝑖, 𝑢𝑖[𝑟

′𝜃′]𝑝′𝑡 ). Because 𝑓 (… , 𝑥𝑖.𝑢𝑖[□]𝑝𝑡 ,…) ∈ 𝐸𝑐𝑡𝑥, we have 
𝑓 (… , 𝑥𝑖.□,…) ∈ 𝐸𝑐𝑡𝑥 too, thanks to the condition (i) of Definition 3.11. Therefore, joinability of the (, )-peak 𝑄 implies 
joinability of the (, )-peak 𝑃 ′.

– When 𝑖′ ≠ 𝑖, we can assume that 𝑖′ < 𝑖 without loss of generality. The (, )-peak

𝑃 ′ =(𝑓 (… , 𝑥𝑖′ .𝑢𝑖′ ,… , 𝑥𝑖.𝑢𝑖[𝑟𝜃]𝑝𝑡 ,…), 𝑓 (… , 𝑥𝑖′ .𝑢𝑖′ ,… , 𝑥𝑖.𝑢𝑖,…),

𝑓 (… , 𝑥𝑖′ .𝑢𝑖′ [𝑟′𝜃′]𝑝′𝑡 ,… , 𝑥𝑖.𝑢𝑖,…))

is joinable (to 𝑓 (… , 𝑥𝑖′ .𝑢𝑖′ [𝑟′𝜃′]𝑝′𝑡 ,… , 𝑥𝑖.𝑢𝑖[𝑟𝜃]𝑝𝑡 ,…)), thanks to the condition (ii) of Definition 3.11.

Second, assume that we have an (, )-peak

𝑃 ′ = (𝑀[𝑢1,… , 𝑢𝑖[𝑟𝜃]𝑝𝑡 ,… , 𝑢𝑘],𝑀[𝑢1,… , 𝑢𝑖,… , 𝑢𝑙], 𝑡2).

By 𝑠 → 𝑡2, there exist 𝑝′ ∈ os(𝑠), (𝑙′ → 𝑟′) ∈  and 𝗏𝖺𝗅𝗂𝖽 𝜃′ such that 𝑠|𝑝′ = 𝑙′𝜃′, 𝑡2 = 𝑠[𝑟′𝜃′]𝑝′  and 𝑠[□]𝑝′ ∈ 𝐸𝑐𝑡𝑥. We proceed by case 
analysis on 𝑝′ ∈ os(𝑠).

• When 𝑝′ = 𝜀, 𝑀[𝑢1,… , 𝑢𝑘] = 𝑙′𝜃′. Because 𝑙′ is a higher-order pattern, this is impossible.
• When 𝑝′ ≠ 𝜀, the proof is the same as the case for the (, )-peak

𝑃 ′ = (𝑓 (𝑥1.𝑢1,… , 𝑥𝑖.𝑢𝑖[𝑟𝜃]𝑝𝑡 ,… , 𝑥𝑘.𝑢𝑘), 𝑓 (𝑥1.𝑢1,… , 𝑥𝑖.𝑢𝑖,… , 𝑥𝑙 .𝑢𝑙), 𝑡2).

 ∎

3.8.2.  The three examples
The TERSs CBV𝜆, Comp𝜆𝑚𝑙∗ and Hndl are deterministic and value-invariant. They have the refinement rule that corresponds to 

the so-called eta-equivalence, e.g. 𝜆(𝑥.𝑉@𝑥) ⇒ 𝑉 . It turns an abstraction, which is a value, into a value that is identified by =𝑉𝑎𝑙 to 
the original abstraction. Therefore these TERSs are value-invariant.
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The three TERSs are well-behaved. Most of the conditions are trivially satisfied, or easy to check. The condition (ii) can be checked 
by straightforward induction on 𝐸 ∈ 𝐸𝑐𝑡𝑥.

To establish local coherence, the next step is to check every critical pair is joinable. The TERS CBV𝜆 has the following two joinable 
critical pairs, which are for the second refinement rule (the so-called eta-rule) and the sole evaluation rule.

The TERS Comp𝜆𝑚𝑙∗ has the following three critical pairs. In the following, arrows →, ⇒ are labelled by a number that indicates 
which evaluation/refinement rule is applied.

The TERS Hndl has the following ten joinable critical pairs; we merge some of them below using op𝑖 (𝑖 ∈ [2]). In the following, 
arrows →, ⇒ are labelled by a number that indicates which evaluation/refinement rule is applied, and we set ℎ0 ≡ handler0(𝑥.𝑃 [𝑥]).
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Finally, by Theorems 3.1 and 3.2, the refinement rules  of each of the three TERSs are an improvement with respect to the evaluation 
rules  .

4.  Further example: the call-by-need lambda-calculus

Example 4.1  (Typed call-by-need lambda-calculus [24]). A TERS CBNeed𝜆 of the call-by-need lambda-calculus is defined in Fig. 6. 
The residual syntax class is the only syntax class in this paper that is not defined by BNF. A residual 𝑟 for a variable 𝑥 contains 𝑥 only 
once, such that 𝑟[□]𝑝 ∈ 𝐸𝑐𝑡𝑥 for the position 𝑝 of 𝑥 in 𝑟. Like the last refinement rule in Example 3.3, the refinement rule (r5) uses 
the notation let(𝑀,𝑥.𝑁) to ensure that 𝑁 never involves the variable 𝑥.

This TERS CBNeed𝜆 is deterministic, value-invariant, and also well-behaved. It has the following joinable critical pair.

Therefore, by Theorems 3.1 and 3.2, the refinement rules  of the TERS CBNeed𝜆 are an improvement with respect to the evaluation 
rules  .

5.  Evaluation formalisms and rewriting strategies

The purpose of this section is to clarify the position of Term Evaluation Systems (TESs), the evaluation formalism introduced in 
this paper, with respect to existing rewriting-based approaches to modelling evaluation. In particular, we consider rewriting strategies 
that have been extensively studied in the term rewriting literature, such as innermost rewriting and context-sensitive rewriting.
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Fig. 6. Call-by-need lambda-calculus.

The discussion in this section serves as a sanity check for the TES framework. We show that several strategy-based notions of 
evaluation can be encoded within TES by an appropriate choice of evaluation contexts. This demonstrates that TES is expressive 
enough to capture standard evaluation mechanisms studied in rewriting theory, while providing the explicit notion of evaluation 
context required for reasoning about contextual improvement.

No refinement rules are considered in this section, and no claims are made about improvement or optimisation properties of the 
rewriting strategies discussed here. Accordingly, this section is intentionally orthogonal to the main technical development of the 
paper, whose primary contribution is a proof methodology for establishing contextual improvement via local coherence and critical 
pair analysis.

We begin by recalling the basic notion of rewriting strategies and discuss innermost rewriting as a canonical example. We then 
consider context-sensitive rewriting and show how context-sensitive restrictions on rewrite position can be represented within TES. 
The encodings presented here are straightforward and do not introduce new theoretical results; rather, they serve to situate TES 
within the landscape of existing rewriting-based approaches to evaluation.

5.1.  Innermost strategy

In term rewriting systems, a one-step rewriting strategy is a way to choose one redex to contract in each rewriting step. In this 
section, we discuss several rewriting strategies including context-sensitive rewriting and how TESs formalism realises strategies. First, 
we recall the ordinary definitions.
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Definition 5.1. 

(i) A one-step rewriting strategy 𝐹  is a function 𝐹  on terms such that 𝑡 = 𝐹 (𝑡) if 𝑡 is a normal form of a rewrite system , and 𝑡 → 𝐹 (𝑡)
otherwise [7, Definition 4.9.1].

(ii) A proper sub-redex of a redex 𝑡 is a redex contained in 𝑡 and distinct from 𝑡 itself.
(iii) An innermost redex is a redex that has no proper sub-redex.
(iv) An innermost strategy reduces an innermost redex in each rewrite step.
(v) The leftmost-innermost strategy reduces the leftmost innermost redex.

5.2.  The leftmost-innermost strategy

Let (𝑇𝑦𝑝𝑒,Σ,  , 𝐸𝑐𝑡𝑥, 𝑆𝑐𝑙𝑎𝑠𝑠) be a second-order TES. Suppose that it satisfies the following conditions:

(i) 𝐸𝑐𝑡𝑥 = 𝐶𝑡𝑥.
(ii) Every critical pair of  is trivial. 
(iii) Every metavariable in rules in  is a value-metavariable.
(iv) 𝑉𝑎𝑙 = NF(→ ).

Then the evaluation →  always takes an innermost rewriting strategy. In this setting, a valid substitution assigns a normal form to 
each variable in a rule.

The leftmost-innermost strategy can be realised by defining evaluation contexts like
𝐸 ∶∶= □ ∣ 𝑓 (𝐸, 𝑡2,…, 𝑡𝑛) ∣ 𝑓 (𝑉 ,𝐸, 𝑡2,…, 𝑡𝑛) ∣ 𝑓 (𝑉 ,…, 𝑉 , 𝐸) ∣ ⋯

Remark 5.1. The TES  consisting of the following rules shows necessity of the triviality conditions on critical pairs of  .
𝑓 (𝑐) → 0 (1)

𝑓 (𝑔(𝑥)) → 1 (2)

𝑔(𝑎) → 𝑐 (3)

Consider the innermost rewrite sequence
𝑓 (𝑔(𝑎)) → 𝑓 (𝑐) → 0

which rewrites the underlined innermost redexes. As a TES, we obtain the first rewrite step by an inference that instantiates the rule 
(3) and puts it to the context 𝑓 (□). However, we can also obtain an outermost rewrite as an instance of the rule (2):

(RuleSub)
𝑓 (𝑔(𝑥)) → 1 ∈  𝗏𝖺𝗅𝗂𝖽 [𝑥 ↦ 𝑎]

𝑓 (𝑔(𝑎)) → 1

Restrictions on context and substitution are not sufficient to prohibit this, because there is a non-trivial critical pair between (2) and 
(3). We therefore need the condition to exclude non-trivial critical pairs.

5.3.  Innermost strategy in rewrite systems vs call-by-value in TES

In term rewriting literature, it is often explained that the innermost rewriting realises the call-by-value evaluation. Strictly speak-
ing, however, they are different. The innermost rewriting is a strategy specified by innermost redexes merely, and the call-by-value 
evaluation is a calling mechanism in programming languages, where the notion of values is also important.

To concretely show the difference, we consider a TRS (Σ,) defined by Σ = {0, 𝑠,+, 𝑔, ℎ}, where 𝑔, ℎ are 0-ary function symbols, 
and

 = {0 + 𝑦 → 𝑦, 𝑠(𝑥) + 𝑦 → 𝑠(𝑥 + 𝑦), 𝑔 → ℎ}.

Then 0 + 𝑔 → 0 + ℎ → ℎ (normal form) is an innermost rewrite sequence.
We now consider a corresponding second-order TES cbv that adopts the call-by-value evaluation. We take the same signature Σ

with 
Values 𝑉 ∶∶= 0 ∣ 𝑠(𝑉 ) Evaluation contexts 𝐸 ∶∶= □ ∣ 𝐸 + 𝑡 ∣ 𝑉 + 𝐸

and a set cbv ≜  of evaluation rules, but now we take the variables 𝑥, 𝑦 as value metavariables to satisfy the condition (iii) in 
Section 5.2. Then we have 0 + 𝑔 → 0 + ℎ, which is a normal form. The first +-rule is not applicable to 0 + ℎ because the 𝑦 in the +-
rule is a value variable and ℎ is not a value. Innermost rewriting strategies cannot simulate this behaviour. Therefore, the innermost 
rewriting and call-by-value are different.
Remark 5.2. Note that call-by-value evaluation is not a rewriting strategy in the formal sense of Definition 5.1 (i) because the 
strategy function 𝐹  must return the next rewritten term whenever the given term is not a normal form of non-strategic rewriting. 
In the above case, 0 + ℎ is not a normal form of , but the call-by-value evaluation does not provide the next rewritten term of it. 
Therefore, the call-by-value evaluation should be considered as a restriction, rather than a strategy.
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5.4.  Context-sensitive rewriting

In the first-order setting, another established way to specify a rewriting strategy (or more precisely, a restriction, cf. Remark 5.2) 
is context-sensitive rewriting [25,26]. We first recall its definition.
Definition 5.2  (Context-sensitive rewriting). A context-sensitive term rewriting system (CS-TRS for short) (Σ,, 𝜇) is given by:

• a signature Σ
• a set  of rewrite rules (𝑙 ⇒ 𝑟) ∈  such that 𝑙 is not a variable and 𝐹𝑉 (𝑙) ⊇ 𝐹𝑉 (𝑟)
• a replacement map 𝜇 that assigns each (𝑓 ∶ 𝑛) ∈ Σ a subset 𝜇(𝑓 ) ⊆ [𝑛].

A replacement map 𝜇, which is the core of context-sensitive rewriting, specifies where rewriting can happen. Specifically, it 
induces a set os𝜇(𝑡) of positions of a term 𝑡 as follows. 

os𝜇(𝑥) = {𝜖}, os𝜇(𝑓 (𝑡1,… , 𝑡𝑛)) = {𝜖} ∪
⋃

𝑖∈𝜇(𝑓 )
𝑖.os𝜇(𝑡𝑖).

A CS-TRS (Σ,, 𝜇) induces the following rewrite relation ↪,𝜇 .
𝗌𝗎𝖻𝗌𝗍 𝜃 (𝑙 ⇒ 𝑟) ∈  𝑝 ∈ os𝜇(𝑡) 𝑡|𝑝 = 𝑙𝜃 𝑢 = 𝑡[𝑟𝜃]𝑝

𝑡 ↪,𝜇 𝑢

A rewrite 𝑙 ⇒ 𝑟 can only happen when the position 𝑝 is an active position, i.e. 𝑝 satisfies 𝑝 ∈ os𝜇(𝑡).
Although context-sensitive rewriting can restrict where rewriting can happen, it does not inherently specify in which order rewrit-

ing can happen. Indeed, any CS-TRS can be translated into a potentially nondeterministic TES.
Definition 5.3  (Nondeterministic construction). Given a CS-TRS (Σ,, 𝜇), we define a first-order TES (Σ,  , 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙) as follows.

•  = {𝑙 → 𝑟 ∣ (𝑙 ⇒ 𝑟) ∈ }
• Let Σ𝑎𝑐𝑡𝑖𝑣𝑒 = {𝑓 ∈ Σ ∣ ∃(𝑙 → 𝑟) ∈  .∃𝑡1,… , 𝑡𝑛 ∈ TΣV. 𝑙 = 𝑓 (𝑡1,… , 𝑡𝑛)}, and Σ𝑝𝑎𝑠𝑠𝑖𝑣𝑒 = Σ∖Σ𝑎𝑐𝑡𝑖𝑣𝑒. The sets 𝐸𝑐𝑡𝑥 and 𝑉𝑎𝑙 are inductively 
defined as below.

□ ∈ 𝐸𝑐𝑡𝑥
(𝑓 ∶ 𝑛) ∈ Σ 𝑛 > 0 𝑖 ∈ 𝜇(𝑓 ) 𝐸 ∈ 𝐸𝑐𝑡𝑥 {𝑡𝑗 ∈ TΣV}𝑗∈[𝑛]∖{𝑖}

𝑓 (𝑡1,… , 𝑡𝑖−1, 𝐸, 𝑡𝑖+1,… , 𝑡𝑛) ∈ 𝐸𝑐𝑡𝑥
(𝑓 ∶ 𝑛) ∈ Σ𝑝𝑎𝑠𝑠𝑖𝑣𝑒 {𝑡𝑗 ∈ 𝑉𝑎𝑙}𝑗∈𝜇(𝑓 ) {𝑡𝑗 ∈ TΣV}𝑗∈[𝑛]∖𝜇(𝑓 )

𝑓 (𝑡1,… , 𝑡𝑛) ∈ 𝑉𝑎𝑙

We call this construction nondeterministic to emphasise that the resulting evaluation relation →  is potentially nondeterministic.
Proposition 5.1. Let (Σ,, 𝜇) be a CS-TRS and (Σ,  , 𝐸𝑐𝑡𝑥, 𝑉𝑎𝑙) be the TES obtained from the CS-TRS by the nondeterministic construction. 
We have:

𝑡 ↪,𝜇 𝑢 ⟺ 𝑡 → 𝑢

Proof.  [⇐]: There exist (𝑙 → 𝑟) ∈  , 𝐸 ∈ 𝐸𝑐𝑡𝑥 and 𝗌𝗎𝖻𝗌𝗍 𝜃 such that 𝑡 = 𝐸[𝑙𝜃] and 𝑢 = 𝐸[𝑟𝜃]. Let 𝑝 be the position of □ in 𝐸. By 
construction of 𝐸𝑐𝑡𝑥, we have 𝑝 ∈ os𝜇(𝐸[𝑙𝜃]).

[⇒]: There exist (𝑙 → 𝑟) ∈  , 𝗌𝗎𝖻𝗌𝗍 𝜃 and 𝑝 ∈ os𝜇(𝑡) such that 𝑡|𝑝 = 𝑙𝜃 and 𝑢 = 𝑡[𝑟𝜃]𝑝. We can prove by straightforward induction 
on 𝑝 that we have 𝑡[□]𝑝 ∈ 𝐸𝑐𝑡𝑥. ∎

In summary, the operational behaviour induced by a context-sensitive term rewriting system can be represented within Term 
Evaluation Systems by allowing nondeterminism. Conversely, there exist deterministic TESs whose behaviour cannot be captured by 
context-sensitive restrictions.

For example, a replacement map 𝜇(if) = {1} specifies that only the first argument (i.e. the guard 𝑡 of if(𝑡, 𝑠1, 𝑠2)) can be rewritten. 
The nondeterministic construction encodes this into evaluation contexts as 𝐸 ∶∶= □ ∣ if(𝐸, 𝑠1, 𝑠2).

Another example is 𝜇(+) = {1, 2} that specifies both of the two arguments of summation+can be rewritten. This is encoded as
𝐸 ∶∶= □ ∣ 𝐸 + 𝑡 ∣ 𝑡 + 𝐸.

This specification of evaluation contexts induces a nondeterministic evaluation relation → ; both (1 + 2) + (3 + 4) → 3 + (3 + 4) and 
(1 + 2) + (3 + 4) → (1 + 2) + 7 are possible. Note the difference with a left-to-right deterministic specification of evaluation contexts

𝐸 ∶∶= □ ∣ 𝐸 + 𝑡 ∣ 𝑣 + 𝐸

where 𝑣 represents a value. With this specification, only (1 + 2) + (3 + 4) → 3 + (3 + 4) is possible, and (1 + 2) + (3 + 4) → (1 + 2) + 7
is impossible because 1 + 2 is not a value and (1 + 2) +□ is not a valid evaluation context.

This example shows a difference between context-sensitive rewriting and TES. Context-sensitive rewriting does not inherently 
specify an evaluation order on function arguments, such as left-to-right evaluation, whereas TES can explicitly define an evaluation 
order.

Another example showing a difference is in the comparison with the call-by-value evaluation in Section 5.3. Context-sensitive 
rewriting does not inherently simulate the behaviour of TES cbv.

Another point we highlight is that existing formulations of context-sensitive rewriting are typically presented in untyped, first-
order settings. In contrast, the second-order TERS framework developed in this paper incorporates types and higher-order functions. 
This design choice allows us to model the operational semantics of calculi for both lazy and strict higher-order functional languages, 
as illustrated by Examples 3.2, 3.3–3.5, and 4.1.
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6.  Related work

Having clarified the role of Term Evaluation Systems with respect to existing rewriting strategies, we now discuss related work 
that is directly concerned with contextual improvement and its use in the validation of program transformations.

6.1.  Evaluation from the term-rewriting perspective

Unlike general term rewriting (i.e., refinement), evaluation that uses Felleisen’s evaluation contexts has received little attention in 
the rewriting literature. As an exception, Faggian et al. [4,27] studied evaluation for specific simplified computational lambda-calculi 
including 𝜆𝑚𝑙∗. They proved that refinement implies observational equivalence, crucially using the fact that refinement is confluent in 
these calculi. In contrast, we study evaluation for general TERSs. We identify sufficient conditions (e.g. local coherence) for contextual 
improvement, not relying on confluence of refinement.

6.2.  Proof methodologies for improvement

There is rich literature on methodologies for proving observational equivalence [28–31]. Some methodologies have been applied 
to effect handlers [32,33]. We provide a novel term-rewriting-theoretic methodology centred around local coherence and critical pair 
analysis.

Our methodology is partly automatable, thanks to the fact that critical pair analysis for second-order computation systems can 
be automated [14,15]. Our prototype analyser based on this technology can automatically check the joinability of the critical pairs 
in the examples. There are few works on automating observational equivalence proofs for functional programs. Known examples, 
including the tool SyTeCi [34], are based on or inspired by algorithmic game semantics [35].

This work is focused on contextual improvement, a quantitative variant of observational equivalence. There is relatively limited 
literature on proof methodologies for contextual improvement. A coinductive approach based on applicative bisimulation has been 
used for space improvement [36] and time improvement [37]. This line of work, however, does not come with any form of automation.

6.3.  Improvement theory for call-by-need

A well-established line of work studies program transformations for call-by-need using improvement preorders, most notably the 
operational theory of Moran and Sands [2]. Their framework refines contextual approximation for a specific lazy core language 
by observing not only termination but also the machine-step cost of evaluation, using Sestoft’s abstract machine as the operational 
basis. Improvement (𝑀 ⊑ 𝑁) means that, in every program context, 𝐶[𝑀] terminates with no greater step-cost than 𝐶[𝑁]. Their 
results include a context lemma and an inequational “tick algebra” that subsumes the call-by-need calculi of Ariola et al. [38,39], 
and powerful induction principles for reasoning about recursive programs (e.g. fixpoint fusion) [1,40].

Our work is complementary but different in scope. Whereas Moran-Sands-style improvement is tied to a particular call-by-need 
language and to a concrete machine-step cost model, we work with a general typed second-order term rewriting framework that can 
express the operational semantics of a wide range of calculi, not restricted to lazy evaluation.

Instead of building a cost model externally, we count the reduction steps internal to a TERS, and characterise contextual improve-
ment through the syntactic properties of a pair (𝐸,𝑅) of evaluation and refinement rules. Our results give generic, syntax-directed 
criteria — based on critical pairs and local coherence — under which a refinement system 𝑅 is a contextual improvement of 𝐸, 
regardless of the evaluation strategy embodied by the underlying TERS. In this sense, our approach is strictly more general than 
call-by-need specific improvement theories, and may be combined with a concrete cost model in future work.

7.  Conclusion and future work

We developed the rewriting-theoretic methodology for proving contextual improvement, both in the first-order setting and in the 
simply-typed second-order setting. We identified local coherence as a sufficient condition for contextual improvement, and showed 
that local coherence can be established by critical pair analysis. We demonstrated the proof methodology with calculi with effects 
and sharing.

The formal development relies on the frameworks of TESs and TERSs that we introduced. TERSs explicitly distinguish evaluation 
and refinement, and enable rewriting-theoretic reasoning about their interaction. We are interested in extending such rewriting-
theoretic reasoning; for example to check if a TERS is deterministic, and if refinement implies observational equivalence instead of 
contextual improvement.
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